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Sage — 910 GectaTHOE U CBOOOHO PACHPOCTPAHAEMOE MATEMATUYECKOE POrPAMMHOE ODECIIEYeHUe € OT-
KPBITHIMY WCXOJHBIMU KOJAMHU I UCCIEIOBATENIHCKON pabOThI M 00YUIEHUS B CAMBIX PA3IUYHBIX O0JIACTIX
BKJIIOYasi aaredpy, FreOMETPHIO, TEOPHUIO YKCEesI, KpUNTOrPAMHUIO, YUCIEHHBIE BRIYUC/IEHUs U Apyrue. Kak mo-
JIeTb pa3zpaboTKu Sage, Tak W YCJIOBHUS €ro PACIPOCTPAHEHHUS W UCIOJB30BAHUS BHIOPAHBI B COOTBETCTBUU C
MPUHIUIIAME OTKPBITOM M COBMECTHON PabOThI: MbI COOMpaeM MAIUHY, a He Tepen3obperaem komaeco. OaHoi
U3 OCHOBHBIX IieJieil Sage sBisercs CO3JaHue JTOCTYIHON, OeciuiarHoil u OTKpbITol anprepHaruBbl Maple,
Matematica, Magma n MATLAB.

Hacrosamuit nokymenT pacrnpocrpansercs no junensun Creative Commons Attribution-Share Alike 3.0.

Ornasnexne 1


http://creativecommons.org/licenses/by-sa/3.0/
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2 Ornasnexnne



[haBa 1

Beeperne

JauHoe yueGHOe TIocobue — JIydIiuii Crocod MO3HAKOMUTHCS ¢ Sage 38 HECKOTBKO 9acoB. BbI MOXKeTe UCIOTb-
zoBath ero B HTML uwnu PDF dopmare, a Tak:ke OTKPBITh HHTEPAKTUBHYIO BEPCHUIO JJIsT HEIIOCPEICTBEHHOI
paborel B Sage notebook: naxxkmure Help, norom Tutorial. (nrepakruBnas Bepcus MOKeT ObITb HEAOCTYII-
HA HA PYCCKOM fA3BIKE, HO MOYKET ObIThH (0JIee TOTHONW U TOYHEee COOTBETCTBOBATH TEKYINEH Bepcun Sage.)

CymecTBeHHaS 9aCTh Sage HANMKMCAHA HA A3bIKE MporpaMMupoBanns Python, omrako ero 3nanme me TpedyeT-
csl it drenus ganuoro nocobus. Eciu Ber noxkenaere ysuars Gosbiie o Python (ouens sseranTablii a3bik!),
CYLIECTBYET MHOIO IIPEKPACHBIX (1 GeCIlIaTHbIX) UCTOYHUKOB. PykoBojcTBo s Haunnaomux Python [PyB]
[EPEYUCIITeT MHOKECTBO BApUAHTOB. JIJist IEPBOIo 2Ke 3HAKOMCTBA € Sage JAHHOEe HOCOOHE siBJISIeTCH 0TI~
HOI oTTpaBHOM TOuKOi. MTak:

sage: 2 + 2

4

sage: factor(-2007)
-1 x 372 % 223

sage: A = matrix(4,4, range(16)); A
[o 1 2 3]
[4 5 6 T]
[ 8 9 10 11]
[12 13 14 15]

sage: factor(A.charpoly())
x"2 * (x72 - 30*x - 80)

sage: m = matrix(ZZ,2, range(4))
sage: m[0,0] = m[0,0] - 3

sage: m
[-3 1]
[2 3]

sage: E = EllipticCurve([1,2,3,4,5]);

(continues on next page)
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(npomoszKeHUe ¢ mpeaBLAyIell CTPAHMUIIE )

sage: E

Elliptic Curve defined by y~2 + x*y + 3%y = x"3 + 2%x72 + 4%x + 5
over Rational Field

sage: E.anlist(10)

(o, ¢, 1, 0, -1, -3, 0, -1, -3, -3, -3]

sage: E.rank()

1

sage: k = 1/(sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/ (20*sqrt (73) + 36xI*xsqrt(3) + 27)

sage: N(k)
0.165495678130644 - 0.0521492082074256%1
sage: N(k,30) # Townocme 30 6um

0.16549568 - 0.052149208*1
sage: latex(k)
\frac{36}{20 \, \sqrt{73} + 36 i \, \sqrt{3} + 27}

1.1 YcTaHoBKka

Ecan na BameMm KOMIbIOTEpPE HE YCTAHOBJIEH Sage, M Bbl XOTUTE TONPOOOBATH HEKOTOPHIE KOMAH/TbI, BOCIIOJIb-
3yiirech 31Ol cebLikoii: http:/ /sagecell.sagemath.org.

PyxoBoacTBO 1O ycTaHOBKE Sage MOXKHO IMTPOCMOTPETH HA TJIABHOM CTpAaHUIE Sage B pa3aese JOKYMEHTAIIH:
[SA] 3meck MBI mpHBeeM JIHITb HECKOJIBKO KOMMEHTAPHEB:

1. 3arpyzkennbiii (ailn ycTaHOBKE Sage sBIseTcs CaMOIOCTATOYHbIM. TO ecThb, XOTs Sage HWCIOoJb3yer
Python, IPython, PARI, GAP, Singular, Maxima, NTL, GMP u 1.71., orienpHO# yCTAHOBKH BbIIIIe-
MEPEYNCIEHHBIX TTAKETOB He Tpebyercsi, TaK KaK OHU yKe BKIUYeHbI. OIHAKO, JIST MCIOJB30BAHUS
HEKOTOPBIX (dyHKIMI Sage Takux, kak Macaulay win KASH, BBl JOJKHBI yCTAHOBUTH TPEOYIONTHECS
daiibl WM UMeTh COOTBETCTBYIOIIME MPOTPAMMBI HA BAITEM KOMITBIOTEPE.

2. TlpenBapuTebHO CKOMITHIMPOBAHHYIO OMHAPHYIO BEPCUIO Sage, KOTOPYIO TaKXKe MOXKHO HAWTH HA BEO-
caiire, Oymer Jierde yCTaHOBUTH, YeM BEPCHUIO0 B MCXOAHOM Koje. IIpocro pacmakyiiTe u BbIIOJTHUTE
sage.

3. Eciu BB )keqraeTe ucnoabp30BarTh maker SageTeX, KOTOPBIH MO3BOJISET BCTABJISITH PE3YJIbTATHI BHIUUC-
nennit Sage B LaTeX daiin, Tpebyerca caenars SageTeX uspecrubim Bareit cucreme TeX. st aroro
uzyunre cekuuio «Make SageTeX known to TeX» B Pykosoucrse no ycranoske Sage (annas cCbLi-
K4 BeJeT K JIOKAJIbHOMY Pa3MELIEHUIO KOIUKM PYKOBOJCTBA 110 yCTAHOBKE). DTO JIOBOJLHO LPOCTO; BaM
MOHAIOONTCS BCErO JIUIb CKOMUPOBAThH OfWH (hailyl B qupekTopuio moncka TeX.

Hoxkymenramus 1o wucnoab3oBannio SageTeX wmaxomurcs B $SAGE_R0O0T/venv/share/texmf/tex/
latex/sagetex/, rae «$SAGE_ROOT» cOOTBETCTBYET JUPEKTOPHH, T/I€ YCTAHOBIIEH CaM Sage, HAIIPUMED,
/opt/sage-9.6.

4 Fnasa 1. Bsepenne



http://sagecell.sagemath.org
http://doc.sagemath.org/html/en/
../../en/installation/index.html
../../en/installation/index.html
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1.2

PaboTa B Sage

Pabora B Sage MoxkeT ObITH OCYIECTBIEHA HECKOJbKUMU Iy TSIMU:

1.3

Notebook (rpadudeckmnii uarepdeiic): sanycrure sage — njupyter; anraiire Jupyter
documentation on-line,

I/IHTepaKTI/IBHaSI KOMaH/JHad CTPpOKa: CM. HH’H?,(’,]?(LH’IY?,UG?L(L.H/ 060./1,0“1,74?(1,;

IIporpaMmBbl: CO3/1aHKE UHTEPIPETUPYEMbIX U KOMIIMJIUPYEMbIX IporpaMm B Sage (cM. 3azpyska u
npukpensenue Pairos Sage u Coszdanue KOMNUIUPOSAHH020 K00a);

CKpHUITHI: CO3/JaHIE CAMOCTOSTEIbHBIX CKpUOTOB Ha Python, ncmompsyiommux 6ubnuorexu Sage (c.
Camocmoamenvrue crpunmo. Python/Sage).

Llenn Sage

ITonesubiit: mpeanoaraeMas ayIuTOPHUs MOJb30BaTEIeH Sage — 3TO MKOJIHHUKK CTAPIIAX KJIACCOB,
CTYAEHTHI, yIuTe isi, Tpodeccopa u MaTeMaTUKu-uccaenoBaresan. Llegp: mpesocTaBuTh MpOrpaMMHOE
obecriedenne, KOTOpOe ObLIO ObI MOJIE3HO I U3YyYEHUS U UCCIEIOBAHUN C IOMOIIBI0 MATEMATAIECKUX
KOHCTPYKIIUi B ajrebpe, reOMerpuu, TEOPUH YUCEJ, YUCIEHHbIX BBIYUCICHUIX U T.J. Sage yIpOIIaer
WHTEPAKTUBHOE IKCTIEPUMEHTHPOBAHNE C TTOMOIIBI0 MATEMATHIECKUX 00HEKTOB.

DddexkTuBHsbIi: Bynbre ObICTPHIMEU B BBIYHUCETHUAX. Sage WCIOIH3YeT BBICOKOOTITHMU3UPOBAHHOE
nporpammuoe obecriedenne, kKak GMP, PARI, GAP, and NTL, u mosromy siBjisieTcst 09€Hb ObICTPHIM B
ornepanusx.

CB00OOAHBIA 1 OTKPbIThIH: VICXOMHBINA KO/, J0J12KEH ObITh CBOOOAHO JIOCTYIIHBIM, TEM CAMbBIM IIPEI0CTaAB-
JISIS TIOJTH30BATEISIM BO3MOYKHOCTH TOHSATH, YTO MMEHHO BBITIOJIHSETCS CHCTEMO, M JIETKO JIOTOJHSATH
ee. Tak ke, KAK ¥ MaTeMaTUKN prOOpeTarT 60jee riIyOOKOe MOHMMAHUE TEOPEMbI, YIVIyO/Isasch B ee
JIOKA3aTeJIbCTBO, JIFO/IM, BBIIOIHSIIOIIME BbIUACIEHAS, B CUIaX OHATH, KAK 9TU BBHIYUCIEHUS IIPOU3BO-
JISITCSA, TIOYUTAB JTOKYMEHTHPOBAHHBIN UCXOAHBIN KO/I. ECu BbI HCIOIb3yeTe BEIYUCICHNUS SAge B CBOUX
myOauKanmsix, Bbl MOXKeTe ObITb yBEPEHbI, 9YTO BAIlld YUTATE]U OyJyT BCErJa UMETh JOCTYH K Sage u
BCEMY HCXOIHOMY KOIy. BBl TaKkKe MOYKeTe apXUBUPOBATH U TIEPEPACITPEIEIATh UCTIOIB3YEMYIO BEPCHUIO
Sage.

Jlerko koMOWJIMpyeMbIii: Sage MOMKHO OBITH JIErKO CKOMIMJIHPOBATH M3 HWCXOIHBIX KOJOB TO
GNU/Linux, OS X u Windows. 910 npeocraBuT [10JIb30BATENSIM BO3MOXKHOCTb MOAUMDUIUPOBATH
U OLUTHMMHU3UPOBATH CUCTEMY I1I0J, CBOU IIPEIIOYTEHNUS.

BzaumogeiicrBue: Ob6ecnednTh MPOCTHIE W HAMEKHBIE WHTEPMEHCHl JIJIsi MHOTHX IPYTUX CHCTEM
KoMIbIoTepHOU asredpbl, Briodas PARI, GAP, Singular, Maxima, KASH, Magma, Maple, and
Mathematica. Sage co3man 1y oObeIUHEHUsT W PACIIHPEHHsST BO3MOXKHOCTEH CyIIEeCTBYIOIIEr0 MaTe-
MaTHYeCKOro IPOrPaMMHOrO OGeCIIeYeHns.

Xopomio moKyMeHTHPOBaHHBbIN: Bbl nMeere mocTym K y4ebHOMY TOCOOHIO, PYKOBOICTBY TIO TIPO-
IPAMMHUPOBAHUIO, CIIPABOYHOMY PYKOBOJACTBY U how-to, BK/IIOUaromue B cebs MHOTOYUCIEHHBIE TTPUME-
PbI 1 00CY2KIeHNEe MATEMATUIECKOMN TTOIOIJIEKH.

Pacmupsembtii: OO0bsBsiiTe HOBbIE TUIBI JAHHBIX WA PACIIHPIATE BCTPOEHHBIE, UCIOIb3yHTe KO,
HAIIMCAHHBIA BO MHOXKECTBE A3bIKOB.

Jpy>kectBenusbrii: Bam Oyner jierko mornMarh GyHKIIMOHAIBHOCTD JIIOOOT0 00BEKTA, & TAKXKE TTPO-
CMaTPUBATh JOKYMEHTAITUIO M MCXOMHBIN KO, Tak:ke mMeliTe B BUIY BBICOKWI YPOBEHb TOJIEPIKKH
NIOJIb30BaTe e,

1.2,

Paborta B Sage 5


https://jupyter-notebook.readthedocs.io/en/latest/notebook.html
https://jupyter-notebook.readthedocs.io/en/latest/notebook.html
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6 Fhasa 1. Bsegenne



[haBa 2

Typ no Sage

JlaHHbBIH pa3/ien MmoKaXker, 9To JocTynHOo B Sage. lna apyrux mpumepoB cm. «Sage Constructionss, rue
HAXOJATCS OTBETHI HA 9acTO 3aJaBaembie BOIpochbl. Takxke cMm. «CrpaBodHoe PyKOBOJICTBO Sage», B KOTO-
POM MOXKHO HafiTu Thicsa4uu aApyrux npumepos. C AaHHON SKCKypcueil MOXKHO paboTaTh HHTEPAKTUBHO, €CJIU
zamyctuTh Sage Notebook n maykaTh Ha cchliKy Help.

(Ecim ypoku npocmarpusaiorcs B Sage Notebook, maxkmure shift-enter ajisi TOro, 4To0bl BHIYUCIUTH
Jmo0yIo sueiiky BBoza. o HaxkaTus coueranus Kiapuil shift-enter MOXKHO PeJJAKTUPOBATH TEKCT BBOAA.)

2.1 lNpwucBanBaHue, cpaBHeHne n apudmMeTuka

C HEKOTOPHIMY MCKJIIOUEHUSIMH Sage UCTIOIB3YET si3bIK MporpaMMupoBanus Python, mosTomy MHOrHE KHUTH,
suakomsue ¢ Python, momoryr B usyuyenun Sage.

Sage mucmonb3yer = s TPUCBAMBAHUSA. ==, <=, >= < U > UCHOJIb3YIOTCH JJjisd CDABHEHUS:

sage: a = 5

sage: a
5

sage: 2 ==
True

sage: 2 ==
False

sage: 2 < 3
True

sage: a ==
True

Sage momiepKuUBaeT BCe DA30BHIE MATEMATHIECKHE OITEPATIVN:

sage: 2%%3 # ** o3Hauaem eo3eederue 8 cmeneks
8

(continues on next page)
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(npomoszKeHUe ¢ mpeaBLAyIell CTPAHMUIIE )

sage: 273 # e Sage u ** cunonumst (e omauwue om Python)

sage: 10 % 3 # Oaa uyeaslw wucea J osnawaem mod, m.e. @3AMuE OCMAMKG

sage: 10/4

5/2

sage: 10//4 # O0as yeav wucea // 03HAMAEM YEAOHUUCAEHHOE “ACMHOE
2

sage: 4 * (10 // 4) + 10 % 4 == 10

True

sage: 372x4 + 25

38

Brorunciienue BbIpazkeHus, TaKOro Kak 3~2%4 + 25, 1pou3BOAUTCA B COOTBETCTBUM CO CTAPLIMHCTBOM Olle-
) )
parmuii, Kak onucano B IIpuopumem OUHAPHVLLT GPUPMEMULECKUT ONEPATMOPOS.

Sage TakKe TOIIEPKUBAECT MHOTHE MaTeMaTHIeCKHe (DYHKIIUN:

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqrt (3)

Kak moka3biBaeT mocjieInuii mpuMep, HEKOTOPhIE MATEMATHIECKIE BHIPDAYKEHUS BO3BPAIIAIOT ,,TOYHBIE BEJIH-
YUHBI, HO HE YUCJIEHHBbIE TPUO/IMKeHus. /[jisi TOro, 9To0bI MOIYYUTh YUCIEHHOE MPUOJINKEHNE, UCIOJIb3YiiTe
dyukuumio n unm meron n (0b6a umeror Gosee JJIMHHBIE HA3BaHUs - numerical _approx; dyskius N - 310 TO
ke camoe, 4ro u n). OHu npuHUMAT HeoOd3aTeIbHbIE APIYMEHThI Prec, KOTOPBIA OlPeIe/iseT KOJIUIeCTBO
6uToB TOYHOCTH, 1 digits, KOTOPbIH OUpee/IseT KOIUIeCTBO AecaTudubix 1udp roanocrtu. [lo ymosrganuro,
npuMensiercss 53 6uTa TOYHOCTH.

sage: exp(2)

e"2

sage: n(exp(2))

7.38905609893065

sage: sqrt(pi).numerical_approx()
1.77245385090552

sage: sin(10).n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

Python mmeer nuramMudeckuii KOHTPOJIb THIIOB, TAK YTO 3HAYEHNE, HA KOTOPOE CChIJIAETCS TepeMeHHAasT, TMeeT
v, cBs3aHHBI ¢ HUM. OJHAKO, TaHHAs TepeMeHHasi MOXKET CO/epKaTh 3HAUYeHne JI000ro THIA U3 SI3bIKa
Python:

sage: a = 5 # a - yeaoe uucsao

sage: type(a)

<class 'sage.rings.integer.Integer'>

sage: a = 5/3 # menepb a - PAYUOHAALHOE HUCAO

(continues on next page)

8 Fasa 2. Typ no Sage
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(npomoszKeHUe ¢ mpeaBLAyIell CTPAHMUIIE )

sage: type(a)
<class 'sage.rings.rational.Rational'>

sage: a = 'hello' # menepe a - cmpoka
sage: type(a)
<... 'str'>

zpik C, KOTOPBII UMEET CTATHYECKHUI KOHTPOJIb TUIIOB, CYIIIECTBEHHO OTJINYAETCS; TIePEMEHHAsT, 00bBICH-
Hagd Kak IeJI0e YUCJI0, MOXKEeT COJlepKaThb TOJIbKO I1eJI0e YHUCJIO.

2.2 lNony4yeHne nomown

B Sage ectb ucuepmbiBaiomias BCTPOEHHAS JJOKYMEHTAINs, K KOTOPOH MOYXKHO TIOJIYyYUTh JOCTYI, HAIEIATAB
uMs PYHKIUU UM KOHCTAHTHL C [TOCJIE/IYIONIUM BOIIPOCUTEIbHBIM 3HAKOM:

sage: tan?

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )
Docstring:

The tangent function

EXAMPLES:
sage: tan(pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)

1
sage: tan(1/2)
tan(1/2)

sage: RR(tan(1/2))
0.546302489843790

sage: log2?

Type: <class 'sage.functions.constants.Log2'>
Definition: log2( [noargspec] )

Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float(log2)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision

(continues on next page)
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(npomoszKeHUe ¢ mpeaBLAyIell CTPAHMUIIE )

sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-log2)/(1+log2); 1

(1 - 1log(2))/(log(2) + 1)

sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima(log2)

log(2)
sage: maxima(log2).float()
.6931471805599453
sage: gp(log2)
0.6931471805599453094172321215 # 32-bit
0.69314718055994530941723212145817656807 # 64-bit
sage: sudoku?
File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>
Definition: sudoku(A)
Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE:
sage: A = matrix(2Z,9,[5,0,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,

0,3,0, 0,6,7, 3,0,0, 0,0,1, 1,5,0, 0,0,0, 0,0,0, 0,0,0, 2,0,8, 0,0,0,

0,0,0, 0,0,0, 0,1,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,

0,0,0, 4,9,0, 0,5,0, 0,0,31)
sage: A
[500080049]
[000500030]
[067 30000 1]
[150000000]
[00020800 0]
[00000O0O0 18]
[700004150]
[030002000]
[4 9005000 3]
sage: sudoku(A)
[613687249]
[84952163T7]
[26 73495 81]
[15846397 2]
97421836 5]
[326795418]
[78293415 6]
[6 3517289 4]
[4918567 23]

Sage Tak ke MpesoCTaBIsieT BO3MOXKHOCTE ,,ABTO3aBepIIeHNs: HATeYaTaliTe HECKOJIHKO MEPBLIX OYKB HA3BA-
nus yukmuun u Haxkmure TAB. Hampuwmep, eciiv mamedarars ta um Haxkarh TAB, Sage BbiBezmer tachyon,
tan, tanh, taylor. /lannas dyHKIms SBISETCS XOPOIIMM CIIOCOOOM MOUCKA UMeH (DYHKIWH WIH APYTUAX
KOHCTPYKIuit B Sage.

10
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2.3 ®yHKUUU, OTCTYMbl U CHETHYUKN

st roro, 9robbl onpeeuTh GYHKIUIO B Sage, HCHOab3yliTe KoMany def U ABOETOYME MOCTE CIIUCKA HMEH
lIepeMeHHbIX:

sage: def is_even(n):
R return nj)2 == 0
sage: is_even(2)

True

sage: is_even(3)

False

Samerka: B 3aBucumocTu OoT Bepcuu y4eOHOrO MOCOOHMS Ha BTOPOI CTPOKE ITOrO MPUMEpPa MOXKHO YBUIETH
....:. He meuaraiite ux, Tak Kax OHU CJIyKaT JIUIIb JJIs TOrO, YTOOBI TTOKA3aTh OTCTYIIHI B KOJIE.

He ompenengiite tumos aprymeHToB. MOXKHO ONpEmesnTh HECKOIBKO BUJIOB BBO/A, APTyMEHTHI KOTOPBIX
MOT'yT UMETb 3HAYEeHHs 110 yMordanuio. Hanpumep, QyHKIINA B C/IeIyOMEeM IpUMepe UCIoab3yeT divisor=2,
ecan divisor He 3aJiaH.

sage: def is_divisible_by(number, divisor=2):

o return number)divisor == 0
sage: is_divisible_by(6,2)

True

sage: is_divisible_by(6)

True

sage: is_divisible_by(6, 5)

False

Takzke MOKHO 331aBaTh BBOJAHBIE JAHHBIE B IBHOM BHE IPH BbI30Be PYHKIMU. Ecin 3a7aBaTh mapaMeTpsl
SBHO, TO TOPSA/IOK HE BaIKEH:

sage: is_divisible_by(6, divisor=5)

False

sage: is_divisible_by(divisor=2, number=6)
True

B Python 6/10ku koza He OTHEMSI0TCH (DUTYPHBIME CKOOKAMU WJIN APYTUMEU ODO3HAYEHUSME, KaK B JAPYTUX
sA3bIKax. BMecTo 3Toro ucnosib3yorcs orcryibl. Hampumep, ciemyiomiee BIAACT CHHTAKCUIECKYTO OIIHOKY,
TaK Kak IepeJi return HeT TAKOrO YKe KOJMYeCTBA OTCTYIIOB, KAK B MPEIbIILYIIAX CTPOKAX.

sage: def even(n):
ceat v =11
R for i in range(3,n):
R if 1 % 2 == 0:
el v.append (i)
el return v
Syntax Error:

return v

Eciu mobaButh orcTymnsl, MyHKIMsS OyaeT paboTars

sage: def even(n):
cet v=1[

ceeas for i in range(3,n):

(continues on next page)
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(npomoszKeHUe ¢ mpeaBLAyIell CTPAHMUIIE )

if i % 2 == 0:
v.append (i)
return v

sage: even(10)

[4, 6, 8]

Touku ¢ 3amaToi HE HYKHBI HA KOHIIAX CTPOK. MOKHO PACIIONIOKUTH HECKOJIBKO yTBEDXKIEHUIN HA OIHON
CTPOKE, OT/IeJIEHHBIX TOYKAMH C 3alIATOI:

sage: a = 5; b=a+ 3; ¢c =b72; ¢
64

Ecau tpebyercss pacmonoXuTh CTPOKY KOJA Ha HECKOIbKUX CTPOKAX, HUCHONB3yiTe \:

B Sage cuerunku npou3BO/sAT HTEPALINH IO HHTEPBAIY HEIbIX duces. Hanmpumep, nepBasi CTpOYKa B IPUMeEpe
o3Ha4aeT To ke camoe, 4yro for(i=0; i<3; i++) B C++ mum Java:

sage: for i in range(3):
el print (i)

IlepBas cTpouka B clenyomeM mpuMepe skBuBageHTHa for (1=2;i<5;i++).

sage: for i in range(2,5):
cell print (i)

Tpernit apryment 3amaer mar. Caemyoiee 3KkBuBaeHTHO for (i=1;i<6;1i+=2).

sage: for i in range(1,6,2):
ceels print (i)

Yacto Tpebyercs co3aaTh TabInILy 1T BBIBOIA YUCENT, TOCIUTAHHBIX B Sage. JIerkuii crmocob — ucnoib30BaTh
dopmaruposanne ctpok. Huke cozmaercsa rabaumna ¢ Tpems cronbiamu mupuHOil 6, comepxkamas rabauily
KBAJIPATOB U KyOOB:

sage: for i in range(5):

print(’ "4, 172, 173))
0 0 0
1 1 1
2 4 8
3 9 27
4 16 64
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CambiM 6A30BBIM THUIIOM JIAHHBIX B Sage siBJLETCs CHUCOK — HabOp pasiudabix 00bekToB. Hampumep, Ko-
MaH/ia range CO3/IacT CIHCOK:

sage: list(range(2,10))
[2’ 3’ 4’ 5’ 6, 7’ 8) 9]

Jaee moka3zan mpumep 00JIee CIOXKHOTO CITHCKA:

sage: v = [1, "hello", 2/3, sin(x"3)]
sage: v
[1, 'hello', 2/3, sin(x"3)]

I/IH,HGKCI)I B CIIUCKE HAYUHAKOTCA C HYJIA, KaK BO MHOTUX A3bIKaX MPOrPAMMUPOBAHUA.

sage: v[0]
1

sage: v[3]
sin(x~3)

Ucunonpzyiire len(v) mist TOro, 9To0bI OIy4UTh JAJuHy v; v.append (obj) miis Toro, 4Tobbl 100aBUTH HOBBII
00bekT K KoHIy v, u del v[i], 94T0oOBbI ynaauTh i-it 3/1€eMeHT U3 v:

sage: len(v)

4
sage: v.append(1.5)
sage: v

[1, 'hello', 2/3, sin(x~3), 1.50000000000000]
sage: del v[1]

sage: v

[1, 2/3, sin(x~3), 1.50000000000000]

Jpyroit ouenb BasKHBI TUI JAHHBIX — CJ0Bapb (Wiu acconuaruBHbil Maccus). OH paboTaer, Kak CIIUCOK,
HO MOXKET ObITh WHJIEKCUPOBAH MOYTH JIIOOBIM 00bEKTOM (HHIEKCHI JOJIZKHBI ObITH HEM3MEHUMbIMU ):

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

-2

sage: dl[e]

pi

Tak:ke MOKHO ONPEIEINTH HOBBIM TUM JAHHBIX C UCTIOTH30BAHUEM KjaccoB. HKancyImpoBaHne MaTeMaTH-
9eCKUX O0OBEKTOB B KJIACCAX — ITO MOIMHAS TEXHUKA, KOTOpas MOXKET MOMOYb yIPOCTUTH W OPraHU30BATh
nporpamMbl B Sage. Huke mokasan mpumep KJIacca, KOTOPBIA COCTOUT U3 CIMCKA MOJIOKUTEIHHBIX IETHBIX
MEeJIBIX YUCesI JI0 7N; OH MOJy9YeH W3 BCTPOEHHOTo Thuma list.

sage: class Evens(list):

o def __init__(self, n):

el self.n = n

R list.__init__(self, range(2, n+l, 2))
celat def __repr__(self):

oL return "Even positive numbers up to n."

Metox __init__ BBI3BIBAETCH [IJI HHUIAAJIU3ANNN O0HEKTA TIPU €r0 CO3JAHNUN; METOJI, __Trepr__ BHIBEET BCE
06bekThl. KOHCTPYKTOD CIHCKA BBI3BIBAETCS BO BTOPOi cTpodke Meroma __init__. Ob6bekT kitacca Evens
CO3/1aeTCdA B CIEeyIOIIEM Bu/ie:
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sage: e = Evens(10)
sage: e
Even positive numbers up to n.

3amMerbTe, YTO € BBIBOJUTCS C TOMOIIBI0 METOIA __Trepr KOTODBI ObuT 3aman Hamu. lmst mpocMoTpa

CITMCKA 9HCeN UCIOb3y#iTe GpyHKImMIO list:

-

sage: list(e)
[2, 4, 6, 8, 10]

MoxkHO 06paTHTHCS K aTpuOyTy N WJIM MCIIOJb30BATDH € KaK CIIHCOK.

sage: e.n
10

sage: e[2]
6

2.4 Bbasosas anredbpa v Bbl4UCAEHUS

Sage MOXKEeT OCYNIECTBJIATH BHIYUCICHUS TaKUe, KaK MONCK PelleHnii ypasHenui, mudepeHiinpoBanme, WH-
rTerpupoBanue u npeobpazopanus Jlammaca. Cm. Sage Constructions , rue comepKarcs TPUMEPDI.

2.4.1 PeweHune ypaBHeHUN

TouyHoe pelueHue ypaBHeHUiA

Qyukius solve pemaer ypaBHenus. [1jis ee UCIIO/IB30BAHNS CHAYA/IA HYZKHO OILIPEJIE/INTh HEKOTOPbIE LIEpe-
MEHHbIE; apryMeHTaMu s solve OyuyT ypaBuenue (Mjiu cUCTeMa YPABHEHUI) U [IePEMEHHbIE, /i KOTOPbIX
HY2KHO HalTH peIIeHue:

sage: x = var('x")
sage: solve(x™2 + 3*x + 2, x)
[x == -2, x == -1]

MoxkHo pemaTh ypaBHEHUS [ OJHOM IMepeMeHHOM depes3 JIpyrue:

sage: x, b, ¢ = var('x b ¢')
sage: solve([x™2 + b*x + ¢ == 0],x)
[x == -1/2*%b - 1/2xsqrt(b~2 - 4*c), x == -1/2%b + 1/2*sqrt (b2 - 4x*c)]

Taxke MOKHO PeIaTh ypaBHEHUS C HECKOJIbKUMU TE€PEMEHHBIMHE:

sage: x, y = var('x, y')
sage: solve([x+ty==6, x-y==4], x, y)
[[X == 5’ y == 1:]]

Cuteytomuii npuMep mOKa3bIBaeT, KaK Sage Pelraer cucreMy HeJlmHeHbIX ypaBrenwii. s nadasa cucrema
perraeTcs CUMBOJIHHO:
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sage: var('x y p q')

(x, y, p, @
sage: eql = p+gq==9
sage: eq2 = Q*y+p*x==-6

sage: eq3d = q*y 2+p*x~2==24

sage: solve([eql,eq2,eq3,p==11,p,q,x,y)

[[p ==1, q == 8, x == -4/3*sqrt(10) - 2/3, y == 1/6x*sqrt(10) - 2/3]1, [p == 1, q == 8, x_
== 4/3*%sqrt(10) - 2/3, y == -1/6*sqrt(10) - 2/31]

ILHH HpI/I6JII/I)KeHHbIX 3HAYEeHU pemeHnnda MOXKHO HCIIOJIb30BaTh:

sage: solns = solve([eql,eq2,eq3,p==1],p,q,%,y, solution_dict=True)
sage: [[s[p]l.n(30), s[q]l.n(30), s[x].n(30), sly].n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]1]

(Pynkuus n BbIBEAET NPUO/IMZKEHHOE 3HAYEHHE. APryMeHTOM it JaHHON (DYHKIUK SABJISETCS KOJIUYECTBO
GUTOB TOYHOCTH )

YHucneHHoe pelueHue ypasBHeHUiA

Bo muorux cnygasx pyuknusg solve He CIIOCOOHA HANTH TOTHOE peIleHrne ypaBHeHnsa. BMecTo Hee MOXKHO HC-
11o1b30BaTh GyHKIMO find_root Jjis HaX0XKAEHUs YUCJIeHHOrO pernerns. Hampumep, solve He Bo3Bpalmaer
HUYEro CyIIEeCTBEHHOTO JJI CIeAYyIONero ypaBHEHN:

sage: theta = var('theta')
sage: solve(cos(theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

C npyroit cropons! ¢yHkmsa find_root MOXKET WCHOIB30BATHCA JJIS PEIIEHAS BBIMEYKA3AHHOTO TIPUMEpPa
B unrepBaie 0 < ¢ < 7w/2:

sage: phi = var('phi')
sage: find_root(cos(phi)==sin(phi),0,pi/2)
0.785398163397448. ..

2.4.2 OuddepeHunpoBaHue, NHTErpupoBaHue u T.4.

Sage ymeer nuddepeHnupoBars U uHTErpupoBaTh Muorue gpynkimu. Hanpumep, jis Toro, 4robbt mpoaud-
depennmporars sin(u) Mo mepeMeHHol u, Tpedyercs:

sage: u = var('u')
sage: diff(sin(u), w)
cos(u)

Jljis moicUeTa 4eTBepToif Tpon3BoAHOlN dynKmy sin(x?) Hamo:

sage: diff(sin(x~2), x, 4)
16%x~4*sin(x~2) - 48*x~2*xcos(x"2) - 12*sin(x"2)

J7151 HaXOKJeHns 9aCTHBIX TPOX3BOIHLIX, KaK, HAIIPHMep, 41a GyHKIuE 2 + 17y 00 £ U i COOTBETCTBEHHO:
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sage: x, y = var('x,y")
sage: £ = x72 + 17*y~2
sage: f.diff(x)

2%x

sage: f.diff(y)

34xy

o e . 2 1 T
Teneps HaIEM WHTETpAJBI: U OTIpeIeIeHHbIe, U HeolpeaeaeHnbie. Hampumep, f xsin(z?) dx n fo ey dx

sage: integral(x*sin(x~2), x)
-1/2xcos(x"2)

sage: integral(x/(x"2+1), x, 0, 1)
1/2x1og(2)

4J>T HYKHO CIEeJIaTh CJIemyIolee:

s Haxox/1eHns Pa3ioxKeHus Ha IIPOCThIE IPOOH JIIA —5—

sage: f = 1/((1+x)*(x-1))
sage: f.partial_fraction(x)
-1/2/(x + 1) + 1/2/(x - 1)

2.4.3 Pewenne gndpcpepeHumanbHbix ypaBHEHWIA

Sage MOXKeT UCIOIb30BaThCA s permenns auddepennnanbabIX ypapaennii. Iis permenus ypapuerns x’ +
r — 1 =0 cmemaem caeayiomiee:

sage: t = var('t') # onpedeneHue nepemMerHolU t OAA CUMBOALHLIT BbIYUCAEHUU
sage: x = function('x')(t)  # onpedenenue gynkyuu = saeucayel om t

sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + e~t)*e~(-t)

Hns sroro mucmosnb3yercst uHTepdeiic Maxima [Max|, mosroMy pe3yabraT MOKeT ObITh BBIBEJEH B BHJE,
OTJINYHOM OT OOBIYHOI'O BbIBOJIA Sage. B manHOM ciydae obiree perienue st JaHHOrO Jud depeHnuaibHoro
ypasuenust - x(t) = e (e + C).

[IpeoGpasosanus Jlamiaca Takxke MOryT ObITh BbIYHCIeHBI IIpeobpaszosanme Jlamnaca ama t?e! — sin(t)
BBIYUCIISETCS CIEIYIONNM 00pa3oM:

sage: s = var("s")

sage: t = var("t")

sage: f = t"2*exp(t) - sin(t)
sage: f.laplace(t,s)

-1/(s"2 + 1) + 2/(s - 1)°3

IIpuBenem Gosiee ciaoxkubiit mpuMep. OTKIOHEHHE OT MOJIOKEHUsI PABHOBECHUS [IJIsl MaPbl IPYKUH, IPUKPEII-
JICHHBIX K CTEHE CJIEBA,

[------ \/\/\/\/\---lmaccall|----\/\/\/\/\/----|macca2]|

npyxuHal IpyXuHa2

MOXKET OBITH TIPEICTABJIEHO B BHe auddepeHInalibHbIX YPABHEHU BTOPOTO MOPSIIKA

mlsclll + (k‘l -+ kg).’ﬂl — kQSL'Q =0

mgl‘g + kQ(QSQ - Il) = O,
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rjie m; - 3T0 Macca 0ObeKTa I, T; - IT0 OTKJIOHEHUE OT [10JIO2KEHUA PABHOBECUS. MACChL %, & k; - 3T0 KOHCTAHTa
J71 IPY?KUHBIL 1.

IIpumep: Ucnosb3yiite Sage Jyis BbIIIEyKA3aHHOIO IpUMepa ¢ my = 2, mg = 1, k1 = 4, ko = 2, 1(0) = 3,
21(0) = 0, 22(0) = 3, 25(0) = 0.

Pewenue: Hano naiitu upeobpazosanue Jlasaca uepsoro ypasuenus (C yCjioBUEM T = X1, Y = Ta):

sage: del = maxima("2*diff(x(t),t, 2) + 6xx(t) - 2xy(t)")

sage: ldel = del.laplace("t","s"); ldel

2x ((-%hat('diff(x(t),t,1),t = 0))+s~2x'laplace(x(t),t,s)-x(0)*s) -2*'laplace(y(t),t,s)+6%
—'laplace(x(t),t,s)

JlaHHBIN PE3yNBTAT TSAXKEIO YUTAEM, OJHAKO TOJI?KEH ObITh MOHAT KaK
—227(0) 4 252 - X (s) — 252(0) — 2Y(s) + 6X(s) = 0

Haiinem mpeobpasoBanue Jlamiaca [1jiss BTOPOTO YpaBHEHUS:

sage: de2 = maxima("diff(y(t),t, 2) + 2*xy(t) - 2xx(t)")

sage: lde2 = de2.laplace("t","s"); 1lde2

(-hat('diff (y(t),t,1),t = 0))+s~2*'laplace(y(t),t,s) +2*'laplace(y(t),t,s)-2*
—'laplace(x(t),t,s) -y(0)*s

Pesymbrar:
—Y'(0) + s?Y (s) + 2Y(s) — 2X (s) — sy(0) = 0.

Berasum nagasnbubie yeaosus mis x(0), 2/ (0), y(0) u y'(0), u pemum ypapenus:

sage: var('s X Y')
(s, X, V)
sage: eqns = [(2xs72+6)*X-2*Y == 6*s, -2+X +(s72+2)*Y == 3x*s]
sage: solve(eqns, X,Y)
[[X == 3%(s73 + 3%s)/(s™4 + 5*%s™2 + 4),
Y == 3*%(s"3 + 5*s)/(s"4 + 5*s~2 + 4)]]

Teneps mpousBeném obparHoe nmpeobpasoBanme Jlamaaca st HAXOXKIEHUS OTBETA:

sage: var('s t')

(s, t)

sage: inverse_laplace((3*s73 + 9%s)/(s"4 + 5*s”2 + 4),s,t)
cos(2xt) + 2*cos(t)

sage: inverse_laplace((3*s~3 + 15%s)/(s”4 + 5*s”2 + 4),s,t)
—cos(2%t) + 4x*cos(t)

Uraxk, orser:
x1(t) = cos(2t) + 2cos(t), x2(t) =4cos(t) — cos(2t).

I'paduk mis orBeTa MOXKET OBITH TTOCTPOEH MTAPAMETPUIECKH, UCTIOIb3Y S

sage: t = var('t')

sage: P = parametric_plot((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*t) ),
R (t, 0, 2*pi), rgbcolor=hue(0.9))

sage: show(P)
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I'paduku MoryT ObITH HOCTPOEHBI U /I OTAEIbHBIX KOMIIOHEHTOB:

sage: t = var('t')
sage: pl = plot(cos(2*t) + 2xcos(t), (t,0, 2xpi), rgbcolor=hue(0.3))
sage: p2 = plot(4*cos(t) - cos(2xt), (t,0, 2*pi), rgbcolor=hue(0.6))
sage: show(pl + p2)

s 6omee ucuepubiBaronieil nadopmaryu 1o rpadukam cMm. [Tocmpoenue 2paguros. Takke cM. cekiuo 5.5
u3 [NagleEtA12004] mus yruy6uaennoit undgopmanuu 1o guddepeHnuaibHbIM yPABHEHUSIM.

2.4.4 Metop diinepa ans pewenus cucrtem audpepeHymnanbHbiX ypaBHEHWIA

B crenyiomem mpumepe mokasaH Meron, Jisepa s audGepeHInaIbHbIX YPABHEHNH TTEPBOTO W BTOPOTO
IOPAIKOB. CHaanIa BCIIOMHHM, 9TO JEJIA€TCA IJId ypaBHeHI/Iﬁ IEePBOIro IMOPpAIKA. I[aHa 3aJa49a C HA9aJIbHBIMHA
YCIOBUAMUA B BHIE

y' = flz,y), yla)=c,
Tpedyerca HaiiTu npubin3nuTeIbHOE 3HAYeHNE pertenus upu £ = b u b > a.

3 onpenenennsa MpoON3BOIHOM CeAyeT, 9TO

()~ LT ZVD),

rme h > 0 pmawo u sBigercs HebosbumM. dro u guddepennuanbuoe ypasaenue naor f(z,y(x)) =

w. Teneps Ha0 pewuts s y(x + h):

y(x+h) = y(x)+h- flzy)).

Ecion mvazBarb h - f(z,y(x)) «NONPABOYHBIM 3JIEMEHTOM>, Y(Z) «TPEKHUM 3HAYEHNEM > & y(T + h) «HOBBIM
3HAYEHUEM Y», TOrJA JAHHOE NPUO/IUIKEHNE MOKET ObITh BBIPAYKEHO B BH/IE

Ynew =~ Yold + h- f(xa yold)-

Ecnn pa3burs naTEpBa MEXKIy G W b HA N YacTeil, 9ToO0bI h = I’_T“, TOra MOXKHO 3aIUCATh HH(POPMAITUAIO
JUIST TAHHOTO METONa B TabJINILY.

T y h-f(x,y)

a c h- f(a,c)

a+h c+h- f(a,c)

a+ 2h

b=a+nh | 777

Ilenbio ABIsIETCS 3AMOTHUTD BCE MTyCTOTHI B TAOJIUIIE TIO OJHOMY PSIAY 3& Pa3 J0 MOMEHTA JOCTHKEHUS 3AMUCH
777, KOTOpasa W ABJIAETC NPUOIUKEHHBIM 3HAYeHreM Meroa Ditiepa miisa y(b).

Pemenne cucrem anddepeHnaIbHbIX yPaBHEHHH TOX0XKe Ha PeleHne OOBIIHBIX Aud hepeHnnaabHbIX YPaB-
HEHUM.

IIpumep: Haiignre uncienHoe mpuban3uTesbHoe 3HadeHne it z(t) mpu ¢ = 1, ncrnonb3ys 4 mara Merona
Sitnepa, rae 2"’ +tz' + 2 =0, 2(0) =1, 2/(0) = 0.

Tpebyerca npuBectn auddepeHnnaIbHOe ypaBHEHNE 2I0 TOPIIKa K crucTeMe ABYyX AudpepeHanbHbIX ypaB-
HeHuii 1epBoro nopsiaka (MCIoub3yd & = z, Y = 2z’) U IPUMEHUTHb MeToJ Diijepa:
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sage: t,x,y = PolynomialRing(RealField(10),3,"txy") .gens()
sage: f =y, g=-x -y *xt
sage: eulers_method_2x2(f,g, 0, 1, 0, 1/4, 1)

t X h*f (t,x,y) y hxg(t,x,y)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

Urak, z(1) ~ 0.75.

Mozkuo nocrpours rpaduk i rodek (z,y), 4robbl noayduTh Hpubau3uresbublii Buj Kpusoil. Pyukius
eulers_method_2x2_plot BBIMOJHAT JAHHYIO 33,1a49Y; JJIsI STOTO HAIO ONMPEIeIuTh (DYHKINY f U ¢, APTYMEHT
KOTODPBIX UMEET TPU KOOPIAMHATHL: (¢, , ).

sage: f = lambda z: z[2] # flt,z,y) =y
sage: g = lambda z: -sin(z[1]) # g(t,z,y) = -sin(z)
sage: P = eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

B aror moment P comepxkutr B cebe asa rpaduka: P[0] - rpaduk x mo t u P[1] - rpaduk y mo t. Oba stu
rpaduka MOTyT OBITH BBIBEJAEHBI CJIELYIONUM 00pa30M:

sage: show(P[0] + P[1])

2.4.5 CneuymnanbHblie pyHKLNN

HeckosibKO OPTOroHa/IbHBIX HOJIMHOMOB U CleluasbHbiX QyHKIuil ocymecrsienbl ¢ nomoinbio PARI [GAP]
u Maxima [Max].

sage: x = polygen(QQ, 'x')

sage: chebyshev_U(2,x)

4xx~2 - 1

sage: bessel_I(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel_I(1,1).n()

0.565159103992485

sage: bessel_I(2,1.1).n0

0.167089499251049

Ha nmamubiit MmomenT Sage paccMarpuwBaer JaHHBbE (DYHKIWHM TOJBKO JJIs YUCJIEHHOTO mpuMmeHenus. s
CHMBOJIBHOTO UCIOJIb30BAHNS HYKHO HANPAMYIO MCIIOIB30BaTh mHTEpdeiic Maxima, Kak OmucaHo HUXKE:

sage: maxima.eval("f:bessel_y(v, w)")
'bessel_y(v,w)'

sage: maxima.eval("diff (f,w)")

' (bessel_y(v-1,w)-bessel_y(v+1,w))/2'
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2.5 lNocTtpoeHune rpacdukos

Sage MOXKET CTPOUTDH JBYMEPHBIE U TPEXMEPHbBIE IPADUKH.

2.5.1 [deymepHblie rpaduku

B nBymepHOM mpocTpaHCTBE Sage MOMXKET OTPUCOBBIBATH KPYTH, JIMHUA U MHOTOYTOJBHUKY; TpaduKu (hyHK-
uii B JEKAPTOBBIX KOOPJAWHATAX; TAKKe TpA(UKN B MOJAPHBIX KOOPIUHATAX, KOHTYPHBIE TpaduKu U m300-
parkeHust BEKTOPHBIX moseii. HekoTopbie npumepst OyayT moKa3aHbl HuKe. [ 60/tee nCIepnbIBAIONIEH WH-
dopMmanuu 10 nocrpoeruio rpadukoB cM. Pewenue dupdepenyuarvruor ypasrenuts u Mazima, a Takxke
nokymenTaiuio Sage Constructions.

JlarHas KOMaHIa MOCTPOUT KEJITYI0 OKPY?KHOCTH paauyca 1 ¢ IeHTPOM B HadasIe:

sage: circle((0,0), 1, rgbcolor=(1,1,0))
Graphics object consisting of 1 graphics primitive

Tak:ke MOKHO TTOCTPOUTH KPYT':

sage: circle((0,0), 1, rgbcolor=(1,1,0), £ill=True)
Graphics object consisting of 1 graphics primitive

MozkHO €O3/IaBAaTh OKPYKHOCTh U 33aBaTh €€ KaKOW-Iub0 mepeMenHoi. Jlanubiii mpumep He OyIeT CTPOUTh
OKPYKHOCTb:

sage: ¢ = circle((0,0), 1, rgbcolor=(1,1,0))

YT00bI TOCTPOUTH €€, UCIoJb3yiiTe ¢.show() uau show(c):

sage: c.show()

c.save('filename.png') coxpauut rpaduk B daiii.

Tenepb 3TH ,OKPYKHOCTH HOJIBINE MTOXOXKU HA JJIUICHL, TAK KAK OCH UMEIOT PA3HbIi Maciralb. 910 MOKHO
UCIPABUTDH CJEAYIOMAM 00Pa30OM:

sage: c.show(aspect_ratio=1)

Komannma show(c, aspect_ratio=1) BbITOJHUT TO ke camoe. COXPAHUTH KAPTHHKY MOYKHO C ITOMOIIBIO
c.save('filename.png', aspect_ratio=1).

Crpouth rpaduku 0a30BbIX (YHKITHI JETKO:

sage: plot(cos, (-5,5))
Graphics object consisting of 1 graphics primitive

Kak TobKO mMs mepeMeHHOl ONpee/IeH0, MOXKHO CO3/IaTh MapaMeTpuieckuii rpaduk:

sage: x = var('x")
sage: parametric_plot((cos(x),sin(x)"3),(x,0,2*pi),rgbcolor=hue(0.6))
Graphics object consisting of 1 graphics primitive

Baxno ormeruth, 4TO OCu rpacduka OyayT mepeceKkaThCs JIUIIb B TOM CIydae, KOrAa HAYAJI0 KOODIUHAT
HaXOJIUTCs B I0JI€ 3peHus IrpaduKa, ¥ 9TO K JOCTATOYHO DOJBIINM 3HAYEHUSIM MOKHO IPUMEHHTH HaydHOe
obo3Ha4YeHuE:
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sage: plot(x~2,(x,300,500))
Graphics object consisting of 1 graphics primitive

MoxHO 00beIMHATH TOCTPOEHUS, 100ABIAS UX APYT APYTY:

sage: x = var('x")

sage: pl = parametric_plot((cos(x),sin(x)), (x,0,2*pi),rgbcolor=hue(0.2))
sage: p2 = parametric_plot((cos(x),sin(x)"2),(x,0,2*pi),rgbcolor=hue(0.4))
sage: p3 = parametric_plot((cos(x),sin(x)"3),(x,0,2*pi),rgbcolor=hue(0.6))
sage: show(pl+p2+p3, axes=false)

Xopouuii c11ocob co3uanus 3al0aHeHHbIX (buryp — cosganue cuucka rodex (L B caelyromeM npumepe), a 3a-
TeM WCIOJH30BaHNEe KOMAHIbI polygon MJist MOCTPOEHHUsT (DPUTYPHI C TpAHUIIAMH, OOPA3OBAHHBIMU 33/ TAHHBIMI
roukamu. K mpumepy, co31aauM 3e/IeHbIil JeIbTONI;

sage: L = [[-1+cos(pi*i/100)*(1+cos(pi*i/100)),
2*sin(pi*i/100)*(1-cos(pi*i/100))] for i in range(200)]
sage: p = polygon(L, rgbcolor=(1/8,3/4,1/2))

sage: p

Graphics object consisting of 1 graphics primitive

Haneuaraiire show(p, axes=false), 4roObl HE OKA3bIBATL Oceil Ha rpaduxke.

MozxHO 106aBUTH TEKCT HA IpadUK:

sage: L = [[6*cos(pi*i/100)+5*cos((6/2)*pi*i/100),

sl 6*sin(pi*i/100)-5*sin((6/2)*pi*i/100)] for i in range(200)]
sage: p = polygon(L, rgbcolor=(1/8,1/4,1/2))

sage: t = text("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show(p+t)

Vauresns MareMaTuKu 9acTO PUCYIOT CJIeAyIonuil rpaduk Ha JOCKe: HE O/IHY BETBb arcsin, a HECKOJIbKO, T.e.
rpaduk byHkunn y = sin(z) 1 @ Meskay —27 1 27, IepeBepHyTHIi M0 OTHOIEHNIO K JINHUH B 45 TpaIycoB.
Crenyomas KOMaHIa Sage MOCTPOUT BBINIEYKA3AHHOE:

sage: v = [(sin(x),x) for x in srange(-2*float(pi),2*float(pi),0.1)]
sage: line(v)
Graphics object consisting of 1 graphics primitive

Tax kak dyHKIUA TaHreHca uMeeT OOJBITUI WHTEPBAJ, Y€M CHHYC, IPU KUCIOJIH30BAHUU TOW YK€ TEXHUKHU
JIIsL TIePEeBePTHIBAHNUS TAHTEHCA TPeOyeTcsi N3MEHUTh MUHUMAJILHOE W MAKCHMAJIbHOE 3HAYEHUsS KOODIAWHAT
JJ1d OCU T:

sage: v = [(tan(x),x) for x in srange(-2*float(pi),2*float(pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)

Sage TakzKe MOXKET CTPOUTH IpadUKU B MOJIAPHBIX KOOPJAUHATAX, KOHTYPHbBIE HOCTPOCHUS U M300PAKEHUST
BEKTOPHBIX TOJIEH (/151 cienuanbabx BuaoB dbyHkmii). Janee cieyer mpuMep KOHTYPHOTO 4epTesKa:

sage: f = lambda x,y: cos(x*y)
sage: contour_plot(f, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive
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2.5.2 TpexmepHbie rpacdukn

Sage Takyke MOXKeT ObITh HCIOJIb30BAH I CO3MAHUS TPEXMEPHBIX I'PAMUKOB. ITH IPAMDUKU CTPOSATCI C
nomotipio nakera [ ThreeJS], koropbiii nozepKuBaeT NOBOPOT U NPUOIIMKEHUE KADTUHKY € HOMOIIBIO MBIIIIH.

Ucnonpsyiite plot3d, urober mocrpouts rpaduk dyukmuu dopmbr f(z,y) = 2:

sage: x, y = var('x,y")
sage: plot3d(x~2 + y~2, (x,-2,2), (y,-2,2))
Graphics3d Object

Eme moxxHO mcmogp30BaTh parametric_plot3d mjist OCTpOeHUS rpadUKOB MapaMeTPUIECKUX MOBEPXHO-
cTeill, TIe KaxKablii u3 x,y, 2 onpeesercsa QpyHKIuehd 0JHOW WK IByX MePEeMEHHBIX (IapaMeTpbl; OObIYHO U
u v). Ipeapinyumii rpaduk MoXKeT ObITh BBIPAXKEH [IAPAMETPUYECKU B CJIELYIONIEM BUJIE:

sage: u, v = var('u, v')

sage: f_x(u, v) = u

sage: f_y(u, v) = v

sage: f_z(u, v) = u"2 + v°2

sage: parametric_plot3d([f_x, f_y, f_zl, (u, -2, 2), (v, -2, 2))
Graphics3d Object

Tpernit cmocod MOCTPOUTH TPEXMEPHYIO MOBEPXHOCTH B Sage - MCHoIb30Banne implicit_plot3d, KOTOpPBIi
crpout KOHTYpPbI rpacdukos dyukuuii, kKak f(x,y, z) = 0. Yrobel nocrpouts cdepy, BO3MOIb3yeMCs KacCu-
qecKoit popMyIoit:

sage: x, y, z = var('x, y, z')
sage: implicit_plot3d(x™2 + y™2 + z°2 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object

Hurke mokaszanbl HECKOJIBKO TTPUMEPOB

Ckperennpiii kosmak (GJU3KUHA POJACTBEHHUK IMUPOKO U3BECTHOrO Jncta Mébuyca):

sage: u, v = var('u,v')

sage: fx = (l+cos(v))*cos(u)
sage: fy = (l+cos(v))*sin(u)
sage: fz = -tanh((2/3)*(u-pi))*sin(v)

sage: parametric_plot3d([fx, fy, fzl, (u, 0, 2*pi), (v, 0, 2%pi),
e frame=False, color='"red")
Graphics3d Object

Kpyuensrit Topown:

sage: u, v = var('u,v')

sage: fx = (3+sin(v)+cos(u))*cos(2xv)

sage: fy = (3+sin(v)+cos(u))*sin(2xv)

sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([fx, fy, fzl, (u, 0, 2*pi), (v, 0, 2%pi),
e frame=False, color='"red")

Graphics3d Object

Jlemunckara:
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sage: X, y, z = var('x,y,z')

sage: f(x, y, 2) = 4%x72 * (X2 + y°2 + 272 + 2) + y°2 *x (y°2 + 272 - 1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
Graphics3d Object

2.6 PacnpocTpaHéHHble npobnemsbl ¢ pyHKLUUAMN

Hexoropsie acnektbl onpejenenus Gyakuuii (Hanpumep, s auddepeHnupoBanus Wik MOCTPOEHHs IPa-
dbuxra) moryT GbiTh He sicibl. B 910M pazzese mbl o6paiiaeM BHUMAaHUE HA HEKOTOPbIe HauboJiee pacupocrpa-
HEHHbBIE ITPOOJIEMBIL.

Jlajiee MOKa3aHBI HECKOJIHKO CIIOCOOOB OMPEIEIEHUs] TOTO, YTO MOYKHO HA3BATh «(DYHKITHEH> :

1. Ompenenure dynknmio Python, kak omucano B pasmene Pyuruyuu, omcemyns, u cuemyury. Jas Taxmx
GYHKIHH MOXKHO MOCTPOUTD rpaduku, HO npoaudHepeHnpoBaTh WiKd TPONHTETPUPOBATD UX HEIb3S.

sage: def f(z): return z"2
sage: type(f)

<... 'function'>
sage: £(3)
9

sage: plot(f, 0, 2)
Graphics object consisting of 1 graphics primitive

Obparure BHUMaHUE HA CHHTAKCUC B Tocaenneil crpouke. plot (£(z), 0, 2) Bbimacr ommbdKy, TaK KakK Z -
9TO TepeMeHHas-00JIBAHKA B Onpe/iesenun £, KoTopasi He olpejiesieHa BHYTPHU JanHoM KoHcTpyKimu. [Ipocro
f(z) Bossparur ommubky. Craenyroiee OymeT paboTaTh B JAHHOM KOHTEKCTE, OJHAKO, B OOIIEM, BOSHUKHYT
HEKOTOPBIE 3aTPYHEHUsI, HO OHU MOTYT OBbIThH IPOUTHOPUPOBAHBI (CM. MyHKT 4).

sage: var('z") # onpedenenue nepemerHol 2z O0AA CUMBOALHLIT GbIYUCAEHUU
z

sage: f(z)

z"2

sage: plot(f(z), 0, 2)

Graphics object consisting of 1 graphics primitive

B stom cayuae f(z) - 9TO CHMBOJIBHOE BBIPAYKEHUE.

2. OmpenenM «BBI3BIBAEMOE CUMBOJIBHOE Bbipaxkenuey. OHO MOKeT ObITh mponuddepeHmpoBaHo0, MPOUH-
TErPUPOBAHO, & TAKIKE MOYKHO MOCTPOUTH ero rpaduk.

sage: g(x) = x72

sage: g # g omobpaxaem T 8 T 2
x |--> x"2

sage: g(3)

9

sage: Dg = g.derivative(); Dg

X |--> 2%x

sage: Dg(3)

6

sage: type(g)
<class 'sage.symbolic.expression.Expression'>

(continues on next page)

2.6. PacnpocrtpaHénHbie npobnembl ¢ hyHkunsimn 23




Sage Tutorial in Russian, Beinyck 9.7

(npomoszKeHUe ¢ mpeaBLAyIell CTPAHMUIIE )

sage: plot(g, 0, 2)
Graphics object consisting of 1 graphics primitive

Ecsin g — 310 BbI3BIBAEMOE CHMBOJIBHOE BbIpazkeHnue, g(x) — 3T0 CBA3AHHBINA C HUM O0ObEKT, HO JPyIrOro BHU/IA,
JIJISE KOTOPOTO MOXKHO TIOCTPOUTH MPAMUK M KOTOPBIH MOXKHO AudepeHnunpoBaTh U T.1I.

sage: g(x)

x"2

sage: type(g(x))

<class 'sage.symbolic.expression.Expression'>
sage: g(x).derivative()

2%x

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

3. MoKHO MCIOJIB30BATh yIKe OmpeaeeHHy GyHKIu Sage — ,byHKImio ncancaenus’ . [lis Hee MoxKeT
OBITH OCTPOEH IpaduK, OHA MOXKET ObITH MpoauddpepeHnuPOBaHa U TPOUHTEIPUPOBAHA.

sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot(sin, 0, 2)

Graphics object consisting of 1 graphics primitive
sage: type(sin(x))

<class 'sage.symbolic.expression.Expression'>
sage: plot(sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

Cama o cebe dynknus sin ve moxker ObITh TpomuddepeHImpoBana, 0 KpaiiHeil Mepe, He MOXKeT MPOU3-
BECTHU COS.

sage: f = sin
sage: f.derivative()
Traceback (most recent call last):

AttributeError:

Ucnonwpzosarme f = sin(x) BmecTo sin paboTaer, HO JydIle HCHOAb30BaTh T (x) = sin(x) mjsg Toro, 9TobbI
OIIPEJIEJIATH BBI3BIBAEMOE CHMBOJIbHOE BBIPAYKEHUE.

sage: S(x) = sin(x)
sage: S.derivative()
X |--> cos(x)

Hamee cirenyiorT HEKOTOpbIE 00IHe PO/ IeMbI ¢ O0bICHEHUEM

4. Cnyyaiinas OIeHKA.

sage: def h(x):

Lo if x<2:

o return 0
el else:

e return x-2
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IIpobsiema: plot(h(x), 0, 4) mocrpour kpusyio y = = — 2. Ilpuumna: B komanne plot(h(x), 0, 4)
cHaJaJs1a oreHnBaeTcs h(x), 9To O3HAYAET MOACTABKY X B (DYHKIINIO h U OIEHKY X<2.

sage: type(x<2)
<class 'sage.symbolic.expression.Expression'>

Pemmenne: He ucnonb3yiite plot (h(x), 0, 4); ucnosan3yiire:

sage: plot(h, 0, 4)
Graphics object consisting of 1 graphics primitive

5. OmmbouHOoe co3anne KOHCTAHTHI BMECTO (OYHKITHH.

sage: f = x

sage: g = f.derivative()
sage: g

1

IIpo6aema: g(3), nanpumep, Bo3BpaTuT ommbKy ¢ coobiienuem «ValueError: the number of arguments must
be less than or equal to 0.»

sage: type(f)
<class 'sage.symbolic.expression.Expression'>
sage: type(g)
<class 'sage.symbolic.expression.Expression'>

g He sBJsgeTcs PyHKIMEN, 9TO KOHCTAHTA, II09TOMY OHA He MMeeT ITEPEMEHHBIX, ¥ Bbl MOYKeTe BCTABJISATDH UTO
YIOIHO B Hee.

Perenue: ectb HECKOJIBKO BO3MOXKHBIX HyTefI.

L] OHpe,ﬂeJ’II/ITb f n3HAYAJIBHO KAK CUMBOJIHLHOE BbIpazKEeHHeE.

sage: f(x) = x # emecmo 'f =z’
sage: g = f.derivative()

sage: g

x |-->1

sage: g(3)

1

sage: type(g)
<class 'sage.symbolic.expression.Expression'>

e JInbo BMmecTe c f, ONpe/ieIeHHOH BBIINE, ONPEIETUTh g KaK CHMBOJIbHOE BbIDAyKEHNE.

sage: f = x
sage: g(x) = f.derivative() # emecmo 'g = f.derivative()'

sage: g
x |-->1
sage: g(3)
1

sage: type(g)
<class 'sage.symbolic.expression.Expression'>

e Jlubo c f u g, 3a/[aHHBIMHU, KaK [TOKA3aHO BbIIE, CO3/ATh IEPEMEHHYIO, [T/l KOTOPYIO IO/ICTABJISIOTCS
3HAYEHHS.
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sage: f = x

sage: g = f.derivative()

sage: g

1

sage: g(x=3) # emecmo 'g(3)'
1

Ectb eme ognn crnocod, Kak OMpeaenTh pa3indre MeKIy Mpou3Boaubivu £ = x u £(x) = x

sage: f(x) = x

sage: g = f.derivative()

sage: g.variables() # nepemenHble, komopsle npucymcmeywm & g

0O

sage: g.arguments() # apaymenmsl, Komopsle mMozym bbinb nodcmasaeHsl & g
(x,)

sage: f = x

sage: h = f.derivative()
sage: h.variables()

O

sage: h.arguments()

O

Kak nokasbiBaer [gaHHbI TpUMEDP, h He TPUHUMAET apryMeHToB, modromy h(3) BepHeT OMmudKY.

2.7 OcHoBHble KOJIbLLA

IIpu 0O bsaBIEHNN MATPHUI], BEKTOPOB WJIN TOJIMHOMOB JIJIs HUX WHOT/IA MTOJIE3HO, 8 WHOTA U HEOOXOIMMO OTpe-
JIeJISATHh «KOJIbI[A», HA KOTOPBIX OHU OmpeneseHbl. Koabuyo - 3T0 MareMaTrndecKkasi KOHCTPYKIIHs, B KOTOPOH
CYIIECTBYIOT OIIPE/IeJIEHHbIE TIOHATHS CyMMbI U Ipon3Beienusi. Eciiu Bbl HUKOT/1a O HUX HE CJIBIIIAJIN, TO BaM,
BEPOSITHO, TOCTATOYHO 3HATH 00 3THX UETHIPEX YACTO MCTOIH3YEMBIX KOIbIIAX:

e nesble yncna {...,—1,0,1,2, ...}, Ha3siBaemble ZZ B Sage.

® palMOHATHHBIE YHCJIA — HAIPUMED, APOOU WJIM OTHOIMIEHWS TEJIbIX Juces —, HasbiBaeMmbie QQ B Sage.
® BeIIECTBEHHBbIE YnCia, Ha3biBaeMble RR B Sage.

® KOMIIJIEKCHBIE YHCJIa, Ha3biBaeMbie CC B Sage.

3HaHUe PA3IUYUN MEXKIY JaHHBIMHU KOJIbIAMEU OYEHb BAaXKHO, TaK KAaK OIWH U TOT K€ MOJIMHOM, OIIPE/Ie-
JICHHBIH B PA3HBIX KOJbBIAX, MOJKET BecTH cebd mo-pasnoMy. Hampumep, monunoM 22 — 2 uMeer 1Ba KOpHS:
++/2. DT KOPHHE He SABJISAIOTCH PAIMOHAJBHBIME UHCIAMHE, IIOITOMY €CIIH BB PAbOTAETE C HOIMHOMAME C
panuonaibHbIMKU KOd(MDdUIEeHTaMu, TO MOJUHOM He Oyzier pasiararbcs Ha MHO)KuTe . C BeleCTBeHHbIMU
ko3 durmentamu — Oymer. [losTomy cTOUT ONpeneIuTh KOJBIO, 9TOOBI OBITH YBEPEHHBIM, UTO MOJIY 9€HHBII
pesyabrat Oymer npaBuababiM. Crieayromye 1Be KOMaHIbI 33, 1a0T MHOXKECTBA MOJJMHOMOB C PAIMOHAJIBHBIMA
K03 PuImeHTaMu 1 BEIMECTBEHHBIMU KO3I(DDUIIMEHTAMH COOTBETCTBEHHO. MHOXKeCcTBa HAa3BaHbI «ratpolys u
«realpolys, HO 9TO He CTOJIb BayKHO B JJAHHOM KOHTEKCTE, OHAKO CHMBOJIBHBIE COYETAHUA «.<t>» U «.<z>»
SABJIAIOTCH HA3BAHUAMU II€PEMEHHbBIX, UCIIOJIb30BAHHBIX B ABYX CJIydasXx.

sage: ratpoly.<t> = PolynomialRing(QQ)
sage: realpoly.<z> = PolynomialRing(RR)

®akropusupyem x> — 2:
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sage: factor(t~2-2)

t72 - 2

sage: factor(z~2-2)

(z - 1.41421356237310) * (z + 1.41421356237310)

CumBos I obo3Hadaer KBaJIpPATHBI KOpeHb U3 —1; i — 310 T0 Ke camoe, aro I. Konedno, 310 He pamuo-
HaJIbHOE YUCJIO:

sage: 1 # keadpamnblli kopeuns u3 -1
I

sage: 1 in QQ

False

3amerka: Beimeonucannupii KO MOXKeT pabdOTaTh HE TaK, KAK 3a/yMbIBAJIOCH, €CJIU TEPEMEHHOH i ObLIO
3a/IaHO JPYyroe 3HAYEHWE, HAPUMED, €C/ii OHO ObLIO MCIOIH30BAHO, KAK CYETYMK g IuKJga. B Takom
cjIydae BBeJIUTE

sage: reset('i')

AJId TOTO, 9TOOBI IMOJTYYUTHh U3HAYAJIbHOE KOMIIJIEKCHOE 3HAYECHHUE i.

Ecrb oHa TOHKOCTD B 3a/JaHIK KOMILIEKCHBIX YHCET: KAK OIUCAHO BBIMIE, CHMBOJI 1 IIPEJICTABIAET KBAIPAT-
HBI KOpeHb m3 —1, HO 3TO Kopenb n3 —1 Kak anredbpanyeckoe uncio. Bor3os CC(i) wmm CC.gen(0) mam
CC.0 BepHET KOMNAEKCHbIU KBAIPATHBIN KOpeHb u3 —1.

sage: 1 = CC(i) # komnaekcHoe wucao c naaeawyel 3ansmol
sage: i == CC.0

True

sage: a, b = 4/3, 2/3
sage: z = a + b¥i
sage: z

1.33333333333333 + 0.666666666666667*1
sage: z.imag() # mHumas wacme
0.666666666666667

sage: z.real() == a # asemomamuveckoe npueederue Munoe neped CpagHeHUEM
True

sage: a + b

2

sage: 2%b == a

True

sage: parent(2/3)

Rational Field

sage: parent(4/2)

Rational Field

sage: 2/3 + 0.1 # asmomamuveckoe npueedenue Munos neped CAOKEHUEM
0.766666666666667

sage: 0.1 + 2/3 # npueedenue munoe 6 Sage CUMMEMPUYHO
0.766666666666667

Hamnee cienyioT npuMepbl 6a30BbIX Kojel B Sage. Kak oTmeueHo BbIIie, KOIBIO PAIHOHAIBLHBIX THCES 000-
suagaercd Kak QQ, a Takxke Kak RationalField() (nose - 3TO KOJIBIIO, B KOTOPOM IPOU3BEIECHUE ABJISACTCS
KOMMYTATUBHBIM U B KOTOPOM KaKJblil HEHYJIEBOil 3JieMeHT uMeeT OOPATHYIO BEJIMYUHY B 9TOM KOJible (pa-
UMOHAJILHBIE YHCJIA SBJISIIOTCS [OJIEM, & IIEJIbIE - HET):
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sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

Hecaruuanoe uncio 1.2 paccMaTpuBaeTcs Kak QQ: JecATUIHbIE YNCa, KOTOPhIE TAKKe ABIAIOTCA PAITTOHATIH-
HBIMH, MOTYT OBITH «IIPUBEIEHBI> K PAMOHAIBHBIM ducaamM. ducia m u V2 me sBisOTCS PaloOHAJbHBIMUA:

sage: 1.2 in QQ
True

sage: pi in QQ
False

sage: pi in RR
True

sage: sqrt(2) in QQ
False

sage: sqrt(2) in CC
True

,Z[JIH HUCIIOJIb30BAaHUS B BbICIIEl MaTeMaTUKe Sage TaK2K€ MO2KET BBIIIOJHATDH OIl€epaluu C APDYIrUMU KOJIbIa-
MM, KaK KOHEYHbIC 110JI51, p-aJnveCKue 4uncjia, KOJIbIO anre6paut{ec1<1/1x quceJl, nmoJIMHOMUuaJIbHbIE KOJIbIla U
MAaTPpUYHBIE KOJIBIIA. ,I[anee IIOKa3aHbl HEKOTOPHIE N3 HUX:

sage: GF(3)

Finite Field of size 3

sage: GF(27, 'a') # ecau nose He npocmoe, HYXHO 3a0aMb UMS 2EHEPAMOPA
Finite Field in a of size 373

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqrt(3) in QQbar # asnzebpauueckoe zamsikakue (f

True

2.8 JluneiniHasa anrebpa

Sage MOJIEPKUBAET CTAHJAPTHBIE KOHCTPYKIMH W3 JTUHEHHOU anrebphbl, KAK XapaKTePUCTHIECKUE MTOJTUHO-
MBI, CTyleH9YaTbie (POPMBbI, CyMMBbI 3JIEMEHTOB [JIABHON JIMATOHAIN MATPHUIIBI, PA3JIOKEHUS.

Co3maBarh U EPEeMHOKATH MATPUIIHI JIETKO:

sage: A = Matrix([[1,2,3],[3,2,1],[1,1,11]1)
sage: w = vector([1,1,-4])
sage: wxA

(0, 0, 0)
sage: Axw
(_95 1, _2)

sage: kernel(A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[1 1 -4]
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Pemenne marpuydnblx ypaBHEHHUI TAKzKe BBIIOJHAETCH 0e3 3arpyjHeHuil, ucrnosb3ysd Meron solve_right.
Boruncyienune A.solve_right (Y) BosBparut marpuiy (uwnu BekTop) X Takoii, uro AX =Y

sage: Y = vector ([0, -4, -1])
sage: X = A.solve_right(Y)
sage: X

(-2, 1, 0

sage: A * X # nposepka. ..
0, -4, -1

\ MOKeT OBITh UCIOJIb30BAH BMeCTO solve_right; ucmomb3yiite A \ Y BmecTo A.solve_right(Y).

sage: A \Y
(_2: 1’ O)

Ecnu perenus ve cymecTByer, TO Sage BEpHET OIIUOKY:

sage: A.solve_right(w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

Ucnonp3yiite A.solve_left (Y), urobwr maiitn X B XA = Y. Sage MOxKeT HaXOAUTHb COOCTBEHHOE UHCIIO W
CcOOCTBEHHBIN BEKTOP:

sage: A = matrix([[0, 4], [-1, 011)
sage: A.eigenvalues ()

[-2%xI, 2xI]

sage: B = matrix([[1, 3], [3, 1]1)
sage: B.eigenvectors_left()

[(4, [

1, D

I, 1, (-2, [

a, -1

1, DI

(Pesynbrar eigenvectors_left - 310 cnmcoK Tpoek: (COOCTBEHHOE YUCJIO, COOCTBEHHBIN BEKTOP, MHOr000-
pasue).) CobcrBennble yucia 1 BeKTopa 1 QQ uau RR Takzke MOryT ObITh BBIYKHCJIEHBI C IOMOIILI0 Maxima,
(cm. Mazima).

Kak ykazamno B paszene Ocho6Hble K04b1a, KOIbIO, B KOTOPOM OIMPEIEIEHa MATPUIIA, BIUIET HA HEKOTOPBIE
ee cBoiicTBa. B cieayiomeM npuMepe NepBblii apryMeHT KOMaHIbl matrix coolimaer Sage, 9To0bI MaTpUI
paccMaTpUBaJIACh KAK MATPHIA IEIblX duces (ciaydail ¢ ZZ), KaKk MaTpUIa panuoHa bHbiX uucen (QQ) wmiu
KaK Marpuna BemiecTBeHHbix uyuces (RR):

sage: AZ = matrix(ZZ, [[2,0], [0,1]11)
sage: AQ = matrix(QQ, [[2,0], [0,1]11)
sage: AR = matrix(RR, [[2,0], [0,1]11)
sage: AZ.echelon_form()

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

[0 1]

sage: AR.echelon_form()

(continues on next page)
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[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

st Bbruuc/ieHus COOCTBEHHbBIX 3HAYEHUH 1 COOCTBEHHbBIX BEKTOPOB MATPUL JIeHCTBUTE/IbHbIX UM KOMILIEKC-
HBIX YUCEJI C TIABAIONIEH TOUKOil, MaTpuna MokHa ObiTh onpenenena uag RDF (Real Double Field) wiu CDF
(Complex Double Field), coorBercrBenno. Eciin KoIblio He yKa3aHO, U B MATPUIE UCIOIb3YIOTCH IeHCTBI-
TeJIbHBbIE MM KOMILJIEKCHBIE KOHCTAHTBI C IJIABAIOMIEH TOYKOl, TO (110 YMOJIYAHWIO) OHA OLPE/e/IeHa HAJl HE
BCErJla MOAJIEPKUBAIOIIMMA TaKue BblauciaeHnd noadaMu RR miam CC, cOOTBETCTBEHHO:

sage: ARDF = matrix(RDF, [[1.2, 2], [2, 3]])

sage: ARDF.eigenvalues() # rel tol 8e-16

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix(CDF, [[1.2, I], [2, 311)

sage: ACDF.eigenvectors_right() # rel tol 3e-15

[(0.8818456983293743 - 0.8209140653434135%I, [(0.7505608183809549, -0.616145932704589 +
—0.2387941530333261*I)], 1),

(3.3181543016706256 + 0.8209140653434133*I, [(0.14559469829270957 + 0.3756690858502104%1,
— 0.9152458258662108)], 1)]

2.8.1 MaTtpuyHOoe NpoCTpPaHCTBO

Cosnmazum npocrpancTBo Matsys(Q), cocrositiee n3 Marpuil 3 X 3 ¢ JIEMEHTAMW W3 PAIMOHATIBHBIX YHCEI:

sage: M = MatrixSpace(QQ,3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(duig Toro, 4Tobbl CO31aTh IPOCTPAHCTBO U3 MaTpuil 3 Ha 4, ucnosb3yiite MatrixSpace (QQ, 3,4) . Eciu unc-
JIO CTOJIOLIOB HE YKA3aHO, [0 yMOJIYAHUIO OHO Oy/er paBHO uuciy crpok (MatrixSpace(QQ,3) SKBUBaJIEHTHO
MatrixSpace (QQ,3,3).) MarpuuHoe npocTpancTBO CHAOKEHO ero KAHOHUYIECKON 6a30ii:

sage: B = M.basis()
sage: len(B)

9

sage: B[0,1]
[0 1 0]

[0 0 0]

[0 0 0]

Co3pgaauM MaTpuily Kak 3JjeMeHT M.

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]
[6 7 8]

Z[anee IIOKazKEeM BBIYHUCJICHUE MaTPHIL, OIIPEACTICHHBIX B KOHECYHBIX ITOJIAX:

sage: M = MatrixSpace(GF(2),4,8)
sage: A = M([1,1,0,0, 1,1,1,1, 0,1,0,0, 1,0,1,1,
Lot 0,0,1,0, 1,1,0,1, 0,0,1,1, 1,1,1,01)

>

(continues on next page)
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. rows

1 1]
1 1]
0 1]
1 0]

= = O O
= O O O
i

I = = O K

1, 0, 0, 1,
0, 1,0, 1,

A.rows()
: A.columns()
0, 0, 0), (1, 1, 0, 0),
1, 1, 1), (1, 0, 1, 1),

1’ 1, 1)’
1’ 0, 1),

(0’ O, 1’ 1)’
(1’ 1) O’ 1)’

(0’ O, O’ 1)’
(1, 1, 1, 0]
0’ 1’ 1)’
1, 1, 0)]

Cosmagaum moanpocTpancTBo B Fa, oXBaThIBaIOINIEe BbIIIENEPEIUCICHHBIE CTPOKH.

sage:
sage:
sage:

V = VectorSpace(GF(2),8)

1l

S
S

V.subspace (rows)

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:

(10
(01
[0 0
[0 0
sage:
(10
[01
[0 0
[0 0

= O O O

O = O =

= O = O
[

| Ny -

2.8.2 Pa3spexeHHasi nuHeiHas anrebpa

Sage moniepKUBAET pa3peKEHHYI0 JUHEHHYIO ajiredpy.

sage:
sage:
sage:

M = MatrixSpace(QQ, 100, sparse=True)
A = M.random_element(density = 0.05)

E = A.echelon_form()

MysibTUMO/Y/IbHBIA airopurT™ B Sage paboTaer XOpOWIO Jjisd KBaJIPATHBIX MATPUIL (HO HE TaK XOPOILIO JJist
HEKBAIPATHBIX MATPHUIL):

sage:
sage:
sage:
sage:
sage:
sage:

M = MatrixSpace(QQ, 50, 100, sparse=True)

Mo =M
1l

= M.random_element (density = 0.05)
= A.echelon_form()
MatrixSpace(GF(2), 20, 40, sparse=True)
= M.random_element ()
= A.echelon_form()

3amersbre, uTo B Python mcnosp3oBanue 3ariaBHbIX OYKB UTPAET POJIb:

2.8. Jluneiinas anrebpa
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sage: M = MatrixSpace(QQ, 10,10, Sparse=True)
Traceback (most recent call last):

TypeError: ...__init__() got an unexpected keyword argument 'Sparse'

2.9 MNMonvHoMbl

JlaHubIi pa3aes conepKuT nHGOPMAIMIO O TOM, KaK CO3JaBaTh U UCIOIL30BATH MOJUHOMBI B Sage.

2.9.1 MonnHombl ogHOW NepeMeHHOo

Ectn Tpn crtocoba, CO3JaHUA TTOJIMHOMHWAJIBHBIX KOJIEIT.

sage: R = PolynomialRing(QQ, 't')
sage: R
Univariate Polynomial Ring in t over Rational Field

JlanHbIl €r1OCOO CO3MACT MOJUHOMHUAIBHOE KOJIBIO W YKaXKET Sage WMCIOIb30BATh CTPOKY .t B KadecTse
HEU3BECTHOTO MU BbIBOJE HA 3KpaH. OQHAKO, 3TO HE OMpeesser CUMBOI t /IS UCIOIb30BAHUA B Sage, Tak
YTO HeJIb3sl IIPU HOMOIIM HErO BBECTHU MOJMHOM (KaK 2 + 1), npunamiexkanuii R.

Hpyroit ciocob:

sage: S = QQ['t"']
sage: S ==
True

DTOT crocod mMeeT Ty Ke MPobJIeMy MO OTHOIIEHHIO K t.

Tpetuit ciocobd bosee ymoOHbBIH

sage: R.<t> = PolynomialRing(QQ)

njin

sage: R.<t> = QQ['t"']

UJIA JTaKe

sage: R.<t> = QQ[]

DTOT crocod BaeYeT 3a CODOi OObsIBIEHHE MEPEMEHHONW t KaK HEM3BECTHOrO B MOJIHHOMHUAJIHLHOM KOJIBIE
TaK, YTO ee MOYKHO UCIIOJIb30BaTh [IPU CO3JAHUU JIeMEHTOB R, Kak ormcano nuxke. (3amerbre, 9To Tperuil
crrocob moxok Ha obo3HaveHue KOHCTPpyKTOopa B Magma, u, kak B Magma, on MoxkeT ObITh HCIOJIB30BAH JIJIst
HIMPOKOro Habopa 00'bEKTOB.)

sage: poly = (t+1) * (t+2); poly
t72 + 3%t + 2

sage: poly in R

True

Kaxoit 651 ctocob HE HCIIOIH30BAJICA JJId 33JaHNs HOJIMHOMHIAILHOTO KOJIBIIA, MOYKHO BLIYJICHHTH HEH3BECT-
noe B Buze 0" remeparopa:
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sage: R = PolynomialRing(QQ, 't')

sage: t = R.0
sage: t in R
True

Tloxoxast KOHCTPYKIHUA HUCIIOJb3YETCA OJId KOMIIJIEKCHBIX YHCEJI: KOMILJIEKCHbIE YHUCJIa MOT'yT OBITH paccMoT-
PEeHbIl KaK I'eHEPpUPOBAHHDbIEC U3 BEIIECTBEHHDBIX YHCEJI C UCIIO/JIb30BaHEeM CHMBOJIA l, U3 3TOro cjaeayer:

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # 0-ol zewepamop CC
1.00000000000000*I

L1l TOTMHOMAATTBHBIX KOJTEIT MOYKHO TIOJIYYUTh U KOJIBIIO, M €T0 TeHePATOD, WU IIPOCTO TEHEPATOP BO BPEMS
CO3JIaHUAA KOJIbIIA!

sage: R, t = QQ['t'].objgen()

sage: t = QQL't'].gen()
sage: R, t = objgen(QQL't'])
sage: t = gen(QQL't'D)

Haxkosern, MOKHO COBEPIIHTH HEKOTOPBIE apudmernaeckue onpepanun B Qlt].

sage: R, t = QQL't'].objgen()

sage: £ = 2%t~7 + 3*t"2 - 15/19

sage: f~2

4xt~14 + 12%t79 - 60/19%t~7 + 9xt~4 - 90/19%t~2 + 225/361

sage: cyclo = R.cyclotomic_polynomial(7); cyclo

t76 +t75+t74+t3+t72 4+t + 1

sage: g = 7 * cyclo * t75 * (t7°5 + 10%t + 2)

sage: g

T*t~16 + 7*t~15 + 7T*t~14 + 7*t~13 + 77+t~12 + 91%t~11 + 91%t~10 + 84*t~9
+ 84%t~8 + 84xt~7 + 84%t~6 + 14%t~5

sage: F = factor(g); F

(7) * £°5 % (£°5 + 10%t + 2) * (t76 + t°5 + t74 + t73 + t72 + t + 1)

sage: F.unit()

7

sage: list(F)

[(t, 5), (t°5 + 10%t + 2, 1), (t°6 + t°5 + t74 + t°3 + t"2 + t + 1, 1)]

Jlesienue IBYX TIOJIMHOMOB CO3JACT SJIEMEHT B IPOOHOM TMOJIe, 9TO OyJeT CAeJaHo Sage aBTOMATHIECKH.

sage: x = QQ['x'].0

sage: f = x"3 + 1; g =x"2 - 17

sage: h = f/g; h

"3 + 1)/(x"2 - 17)

sage: h.parent()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

Wcnonws3ys psasr JIopana, MOKHO TOCYUTATH PA3JIOXKEHUE B psif B Apodbuom moste QQ[x]:

sage: R.<x> = LaurentSeriesRing(QQ); R
Laurent Series Ring in x over Rational Field

(continues on next page)
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sage: 1/(1-x) + 0(x~10)
1 +x+x2+x3+x4+x5+x"6+x7+x"8+ x99+ 0(x"10)

Ecsin na3zBarh nepeMeHnnyio mo-Apyromy, MOXKHO II0JIyIUTh JIPYIOe OJHOMEPHOE [TOJIMHOMHUAIBHOE KOJIBIIO.

sage: R.<x> = PolynomialRing(QQ)
sage: S.<y> = PolynomialRing(QQ)

sage: x ==y
False

sage: R == §
False

sage: R(y)

X

sage: R(y~2 - 17)
x"2 - 17

Konbuo onpenensercsa nepemennoii. O6parure BHIMaHUE, 9YTO CO3JAaHUE €€ OJHOIO KOJIbIA C IepPeMeHHOR
X He BepHET JAPYTOoro KOJbIIA.

sage: R = PolynomialRing(QQ, "x")
sage: T = PolynomialRing(QQ, "x")

sage: R ==T
True

sage: R is T
True

sage: R.0 == T.O
True

Sage MOmIEPKUBACT KOJIIIA CTEHEHHBIX PAI0B U psizioB Jlopana jis jioboro 6a3ucHOro Kosbla. B cienyro-
meM mpuMepe coznaaum saement u3 Fr7[[T]] u mogennwm, urober cosmarts smement n3 Fr((T)).

sage: R.<T> = PowerSeriesRing(GF(7)); R
Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3xT"2 + T~3 + 0(T"4)

sage: £°3
T~3 + 2¥T~4 + 2%¥T"5 + 0(T"6)
sage: 1/f

T°-1+ 4 + T + 0(T"2)
sage: parent(1/f)
Laurent Series Ring in T over Finite Field of size 7

Tax>xe MOXKHO CO3JaBaTh KOJIbIla CTEHEHHBIX PAJIOB, UCIIOJIB3YA ,ZLBOfIHbIe CKOOKU:

sage: GF(7)L['T']]
Power Series Ring in T over Finite Field of size 7
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2.9.2 MonnHOMbI HECKOJIBKUX NMepeMeHHbIX

,ZLHH paGOTbI C IIOJIMHOMaMHU C HECKOJIbKUMHU IIEPEMEHHbIMH, CHaYaJIa HaJ10 O0BSBATH MOJUHOMHUAIHLHOE KOJIBITIO
U IepeMeHHbIe.

sage: R = PolynomialRing(GF(5),3,"z") # sdece 3 - amo 4uCAO nepemMeHHbIT
sage: R
Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

Tax »xe, KaK u J1s OIHOMEPHBIX [IOJIMHOMOB, CYIIECTBYEeT HECKOJIbKO IIyTei:

sage: GF(5)['z0, z1, z2']

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[1; R

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

YT0o06b! MMeHA TIepeMEHHBIX COCTOSJIN U3 OYyKB, HAJ/IO MCIIOJIL30BATh CJIe/IyIolee:

sage: PolynomialRing(GF(5), 'x, y, z')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

Hewmmnoro apudmernkn:

sage: z = GF(5)['2z0, z1, z2'].gens()

sage: z

(z0, z1, z2)

sage: (z[0]+z[1]1+z[2])"2

z072 + 2%z0*zl + z172 + 2%z0%z2 + 2*z1*z2 + z272

MOXKHO MCMOIB30BATEH H0OIee MATEMATHIECKOe 0DO3HAUEHHE, YTOOBI TTOCTPOUTH TTOJIUHOMHUAIHHOE KOIBIIO.

sage: R = GF(B)['x,y,z"']

sage: X,y,z = R.gens()

sage: QQ['x']

Univariate Polynomial Ring in x over Rational Field
sage: QQ['x,y'].gens()

(x, ¥

sage: QQL['x'].objgens()

(Univariate Polynomial Ring in x over Ratiomnal Field, (x,))

MHoromepHbIe TIOJITMHOMBI BHEIDEHBI B Sage ¢ UCmoJib30BanueM ciaoapeit Python. Sage ncrmoms3yer Singular
[Si] mois Berancaenwnit HOJI u 6a3uca ['péGHepa mieasios.

sage: R, (x, y) = PolynomialRing(RationalField(), 'x, y').objgens()
sage: £ = (x73 + 2xy~2%x) "2
sage: g = X"2%y~2
sage: f.gcd(g)
x"2

Co3zmannwm unean (f,g), renepupoBannsnit u3 f u f ymuoxkenuem (f,g) Ha R.

sage: I = (f, g)*R; I
Ideal (x76 + 4*x~4*y~2 + 4*x~2%y~4, x~2*%y~2) of Multivariate Polynomial
Ring in x, y over Rational Field

(continues on next page)
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sage: B = I.groebner_basis(); B
[x~6, x~2xy~2]

sage: x72 in I

False

Kcraru, 6a3uc ['pébrepa siBiIsieTcst He CIMCKOM, & HEM3MEHSIEMOH M10C/Ie/J0BATEIbHOCTHI0. DTO O3HAYAET, UTO
y HEro ecTb YHUBEPCYM, POJIUTENb ¥ YTO OH HE MOXKET ObITh M3MEHEH (4TO XOPOIIO, NOCKOJIbKY U3MEHEHUEe
6a3uca HapyuiIo Obl Apyrue onepanuu, ucnosib3ymomue 6asuc ['pébuepa).

sage: B.universe()

Multivariate Polynomial Ring in x, y over Rational Field
sage: B[1] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

Hexkoropas komMmMyTaTuBHasS anredpa JOCTYIHA B Sage u BHEApPEHA ¢ moMOIpio Singular. K npumepy, MOxKHO
MOCYMUTATH MPUMAPHOE PA3JIOXKEHUE W MPOCThIE COOTBETCTBYIOIHNE /it 1:

sage: I.primary_decomposition()

[Ideal (x72) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y~2, x~6) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes()

[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,

Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

2.10 KoHeu4Hble rpynnbl, AbeneBbl rpynnol

Sage HOIJEPKUBAET BHIYUCJIEHUS C PYIIIAMU MEPECTAHOBOK, KOHEYHBIMU KJIACCHYECKUMU IpyrmaMu (Kak,
nanpumep, SU(n,q)), KOHEYHBIMU MATPUYHBIMU Ipynnamu (¢ COOCTBEHHBIME N€HEPATOPAMHU) U I'PYIINAMU
Abens (maxe ¢ beckoneunbivu). Muoroe u3 3roro ocyuiecrsisiercs nocpeicrsom unrepdeiica k GAP.

Hampumep, 94T00bI MOCTPOUTH TPYIIY TEPECTAHOBOK, HAIO 331aTh CIIHUCOK TeHEPATOPOB:

sage: G = PermutationGroup(['(1,2,3)(4,5)', '(3,4)'])
sage: G

Permutation Group with generators [(3,4), (1,2,3)(4,5)]
sage: G.order()

120

sage: G.is_abelian()

False

sage: G.derived_series() # random output

[Permutation Group with generators [(1,2,3)(4,5), (3,4)],

Permutation Group with generators [(1,5)(3,4), (1,5)(2,4), (1,3,5)]1]

sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,5)])
sage: G.random_element () # random output

(1,5,3)(2,4)

sage: print(latex(G))

\langle (3,4), (1,2,3)(4,5) \rangle

Takzke MOKHO TOYIUTH CEMBOJBHYTO Tabauiy B ¢popmare LaTeX:
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sage: G = PermutationGroup([[(1,2),(3,4)], [(1,2,3)]11)
sage: latex(G.character_table())

\left (\begin{array}{rrrr}

1&1&1&1\\

1 & -\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & -\zeta_{3} - 1 & 1 \\

3&0&0¢& -1

\end{array}\right)

Sage TakKe BKJIIOYAET B Ce0s KJIACCUUIECKUE U MATPUYHBIE IPYIIIHI [JIsT KOHEYHBIX MOJIEH:

sage: MS = MatrixSpace(GF(7), 2)

sage: gens = [MS([[1,0],[-1,111),MS([[1,1],[0,1]11)]
sage: G = MatrixGroup(gens)

sage: G.conjugacy_classes_representatives()

(
[10] [06] [04] [60] [0e6] [04] [0e6]l [06] [06] [40]
(o 11, [t 51, [5 &1, [0 6], [1 2], [5 2], [1 0], [1 4], [13], [0 2],

[5 0]
[0 3]
)
sage: G = Sp(4,GF(7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7
sage: G.random_element () # random output

[6 5 5 1]

[0 2 6 3]

[6 0 1 0]

[4 6 3 4]

sage: G.order()

276595200

Tak>ke MOXKHO TPOU3BOAUTH BBIYUCJIECHUA C TPYyHOINIaMn Abensa (KOHe‘-IHbIMI/I n 6eCKOHe‘-IHBIMI/I)Z

sage: F = AbelianGroup(5, [5,5,7,8,9], names='abcde')
sage: (a, b, ¢, d, e) = F.gensQ

sage: d * bx*x2 * c**3

b~2%xc”3*d

sage: F = AbelianGroup(3,[2]*3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H
Multiplicative Abelian group isomorphic to C2 x C3
sage: AbelianGroup(5)

Multiplicative Abelian group isomorphic to Z x Z x Z x Z x Z
sage: AbelianGroup(5) .order()

+Infinity

2.10. KoneuHbie rpynnbi, Abenesb! rpynnbl
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2.11 Teopus 4ucen

Sage umeer OOMUPHYIO (DYHKIMOHAJIBHOCTD B ILJIAHE TeOpHH duces. Hanpumep, MOXKHO [IPOU3BOIUTH apud-
mernueckue onepamyuu B Z/NZ:

sage: R = IntegerModRing(97)
sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction()
2/3

sage: b = R(47)
sage: b~20052005

50

sage: b.modulus()
97

sage: b.is_square()
True

Sage comepxkur crangaprabie GyHKIME Teopun qucesn. Hanpumep,

sage: gcd(515,2005)

5
sage: factor(2005)
5 % 401

sage: ¢ = factorial(25); c
15511210043330985984000000

sage: [valuation(c,p) for p in prime_range(2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next_prime(2005)

2011

sage: previous_prime(2005)

2003

sage: divisors(28); sum(divisors(28)); 2%28
(1, 2, 4, 7, 14, 28]

56

56

Ornnuno!

Oyukius sigma(n,k) B Sage cymmupyer k-e creneHu JeuTesieil n:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6

56

1050

Jlanee mokaxkeM aaropuTM BRI, G-DYHKINIO Ditaepa u KUTANCKYI0 TeopeMy 06 OCTaTKax:

sage: d,u,v = xgcd(12,15)
sage: d == ux12 + v*15
True

sage: n = 2005

sage: inverse_mod(3,n)

(continues on next page)

38 Fasa 2. Typ no Sage




Sage Tutorial in Russian, Beinyck 9.7

(npomoszKeHUe ¢ mpeaBLAyIell CTPAHMUIIE )

1337

sage: 3 * 1337

4011

sage: prime_divisors(n)

[5, 401]

sage: phi = n*prod([1 - 1/p for p in prime_divisors(n)]); phi
1600

sage: euler_phi(n)

1600

sage: prime_to_m_part(n, 5)
401

Vacuum Koe-aro st 3n + 1.

sage: n = 2005

sage: for i in range(1000):
el n = 3*odd_part(n) + 1
ceeas if odd_part(n)==1:
cela print (i)

caat break

Kwuraiickas Teopema 006 ocTaTkax:

sage: x = crt(2, 1, 3, B); x

11
sage: x % 3 # x mod 3 =2
2
sage: x 4 5 # x mod 5 =1
1

sage: [binomial(13,m) for m in range(14)]

[1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial(13,m)%2 for m in range(14)]

(<, ¢, 0, 0, 1, 1, 0, 0, 1, 1, 0, O, 1, 1]

sage: [kronecker(m,13) for m in range(1,13)]

(4, -1, ¢, 1, -1, -1, -1, -1, 1, 1, -1, 1]

sage: n = 10000; sum([moebius(m) for m in range(1l,n)])

-23

sage: Partitions(4).list()

(41, s, 11, [2, 21, [2, 1, 11, [1, 1, 1, 1]1]

2.11.1 p—agny4eckue 4ducna

Tlome p-agmdeckux gucesn peasun3oBano B Sage. ObparnuTe BHUMaHWE: KaK TOJIBKO IMOJIE P-aAUIECKUX UUCETT
CO31aHO, €r0 TOYHOCTb HE MOXKET 6bITb HU3MEHEHAa.

sage: K = Qp(11); K

11-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4%11 + 1172 + 7x1173 + 9%11°5 + 5%1176 + 4%11°7 + 8%117°8 + 7*11"9
+ 9%11°10 + 3x11~11 + 10%11°12 + 1113 + 5*11~14 + 6%11°15 + 2%11°16

(continues on next page)
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+ 3%11°17 + 11718 + 7*11~19 + 0(11°20)
sage: b = K(3211/1172); b
10%11~-2 + 5x11~-1 + 4 + 2*11 + 0(11~18)

Boabimoe koanaecTBo MeTOIOB BCTpoeHo s kiaacca NumberField.

sage: R.<x> = PolynomialRing(QQ)

sage: K = NumberField(x"3 + x72 - 2xx + 8, 'a')
sage: K.integral_basis()

[1, 1/2%a"2 + 1/2%a, a~2]

sage: K.galois_group()
Galois group 3T2 (S3) with order 6 of x~3 + x™2 - 2%x + 8

sage: K.polynomial_quotient_ring()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
x"3 + x72 - 2%xx + 8

sage: K.units()

(3*¥a~2 + 13%a + 13,)

sage: K.discriminant()

-503

sage: K.class_group()

Class group of order 1 of Number Field in a with
defining polynomial x"3 + x72 - 2%x + 8

sage: K.class_number()

1

2.12 HemHoro sbicwiern maTemMaTuKun

2.12.1 AnrebGpaunyeckasi reomeTpusi

Sage no3BoJIsieT co3/aBaTh JIO0bIE anrebpandecKkue MHOrooopasusi, HO MHOrAA (PYHKIMOHATBLHOCTh OrPAaHM-
qanBaeTcs Kojabiamu Q wian KonednbiMu nonsimu. Hampumep, wHaligem oObeguHEHNE IBYX TJIOCKUX KPUBBIX,
a 3aTeM BBIYJIEHNM KPHBBIE KAK HECOKPATHUMBIE COCTABIISIONINE O0bEeTMHEHNS.

sage: x, y = AffineSpace(2, QQ, 'xy').gensQ

sage: C2 = Curve(x~2 + y~2 - 1)

sage: C3 = Curve(x~3 + y~3 - 1)

sage: D = C2 + C3

sage: D

Affine Plane Curve over Rational Field defined by
x5 + x"3*%y"2 + x"2%y"3 + y°5 - x°3 -y 3 -x72-y2+1

sage: D.irreducible_components()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
xX"2 +y°2 -1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"3+y3-1

]
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Takke MOXKHO HAWTU BCE TOYKU II€PECEYEHUS /IBYX KPUBDIX.

sage: V = C2.intersection(C3)

sage: V.irreducible_components()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Vs
x -1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y -1,
X,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x+y+ 2,
2%y~2 + 4xy + 3

]

Takwum obpasom toukn (1,0) u (0,1) HAXOAATCS HA 0OENX KPUBBIX, & KOOPIWHATHI TIO OCH Y YIOBIETBODSIOT
bynxmmm 2y? + 4y + 3 = 0.

Sage MOXKeT BBIYHCIUTH TOPOUIATBHBIN HIEAT HEILIOCKON KPUBOW TPETHEro MOpPsIKA:

sage: R.<a,b,c,d> = PolynomialRing(QQ, 4)

sage: I = ideal(b~2-a*c, c~2-b*d, a*d-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b~2 - a*c, c”2 - bxd, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-c™2 + b*xd, -b*c + a*d, -b~2 + ax*c],
[-b*xc + a*d, -c~2 + b*d, b~2 - ax*c],
[-c™3 + a*d~2, -c~2 + b*d, b*c - a*d, b~2 - axc],
[-c™2 + b*d, b~2 - a*c, b¥c - axd, c~3 - a*xd~2],
[-bxc + a*d, -b~2 + axc, c~2 - bx*d],
[-b~3 + a~2%d, -b~2 + a*c, c~2 - bxd, b*c - axd],
[-b~2 + a*c, c”2 - b*d, b*c - a*d, b~3 - a~2xd],

[c™2 - b*d, b*c - a*d, b~2 - a*c]]
sage: F.polyhedralfan()
Polyhedral fan in 4 dimensions of dimension 4

2.12.2 dnanntudeckne Kpusbie

D YHKIMOHATBHOCTD JUIUINITHYCCKUX KPUBBIX BKIIOYAET B cebs OOMbINyo dacTh dyHkmuonambaoctu PARI,
pocryn K uudopmanuu B ontaiin Tabimiax Cremona (4ro Tpebyer AONOJHUTEIbHBINA nakeT 6a3 JaHHbIX),
dyukimonanbHocrs mwrank, amropurm SEA, BbluuciieHne Bcex M30reHUil, MHOIO HOBOIO Koja i Q u
HEKOTOPYIO (DYHKIIMOHAJIHHOCTH MTPOrPAMMHOr0 obecrneuernsi Denis Simon.

Komanma El1lipticCurve /st CO3JaHUs SJIMITAYECKUX KPUBBIX UMEET MHOTO (hOpM:

e EllipticCurve([as, as, as, a4, ag]): Bozsparur ssumnrudeckyio KpuByio

y2 + a1y + asy = s + a2x2 + aqx + ag,

e EllipticCurve([a4, ag]): To e, 4ro u BbliIe, HO a1 = az = agz = 0.
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e EllipticCurve(label): Bepuer ssummnruveckyo Kpusyio u3 6a3bl Jautbix Cremona ¢ 3a/JaHHbIM APJILIKOM
Cremona. Apjsik - 370 cTpoKa, HApuMmep, "11a" or "37b2".

e EllipticCurve(j): Beprer siuntuveckyio KpuByIO ¢ MHBAPUAHTOM j.

e EllipticCurve(R, [a1, a2, a3, a4, ag]): Cozpacr 3/mnTuYecKyo KpUByoO U3 Koublia R ¢ 3aJaHHBIMU a;
‘MU, KaK OBLIO YKA3aHO BBIIIIE,

Ucnonw3oBanme KakKI0TO0 KOHCTPYKTOPA:

sage: EllipticCurve([0,0,1,-1,0])
Elliptic Curve defined by y™2 + y = x”3 - x over Rational Field

sage: EllipticCurve([GF(5)(0),0,1,-1,0])
Elliptic Curve defined by y™2 + y = x”3 + 4%x over Finite Field of size 5

sage: EllipticCurve([1,2])
Elliptic Curve defined by y°2 = x"3 + x + 2 over Rational Field

sage: EllipticCurve('37a')
Elliptic Curve defined by y™2 + y = x”3 - x over Rational Field

sage: EllipticCurve_from_j(1)
Elliptic Curve defined by y~2 + x*xy = x~3 + 36xx + 3455 over Rational Field

sage: EllipticCurve(GF(5), [0,0,1,-1,0])
Elliptic Curve defined by y™2 + y = x”3 + 4%*x over Finite Field of size 5

TMapa (0,0) - 370 ToYKa Ha IIUNTHYECKOH KpuBoil F, 3amanHoii dbyHKuuneit y? +y =23 — x. JIna cozganus

910l Toukm B Sage nanevaraiite E([0,0]). Sage moxkeT 100aBUTh TOUYKH HA TAKYIO JIIUITAIECKYIO KPUBYIO:

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E

Elliptic Curve defined by y°2 + y = x”3 - x over Rational Field
sage: P = E([0,0])

sage: P + P

(1:0:1)

sage: 10%P

(161/16 : -2065/64 : 1)

sage: 20%P

(683916417/264517696 : -18784454671297/4302115807744 : 1)
sage: E.conductor()

37

DUIIATITHYECKHe KPUBBIE IS KOMIIJIEKCHBIX IMCeJT 33al0TCsI TapaMeTpaMu WHBAPHAHTHI j. Sage BBIYUCTUT
MHBAPHUAHTY j:

sage: E = EllipticCurve([0,0,0,-4,2]1); E
Elliptic Curve defined by y~2 = x73 - 4%x + 2 over Rational Field
sage: E.conductor()

2368
sage: E.j_invariant()
110592/37

Eciu MbI cO31a18M KPUBYIO C TOH K€ WHBAPUAHTOM j, KaK i F, oHa He mokHA ObITh m3oMopdHoit F. B
CJIEYIOIIEM TIPUMEPE KPUBbIE HE M30MOP(MHBI, TAK KaK WX KOHIYKTODPHI PA3IUIHBI.
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sage: F = EllipticCurve_from_j(110592/37)
sage: F.conductor()
37

Opnako kpydenne F' #Ha 2 mact n3oMOpPQHYIO KPUBYIO.

sage: G = F.quadratic_twist(2); G
Elliptic Curve defined by y~2 = x73 - 4*x + 2 over Rational Field
sage: G.conductor()

2368
sage: G.j_invariant()
110592/37

MoxkHo mocunTaTh KodbdUImenTsl a,, pana L wim Moaynapuoii GpopMbl Y oo o a,q", TPUKPEIUIEHHONH K
n PAlL AYJIAD p n=0 @nq ", HIPHUKD
SILTUNITHYECKON KpuBoii. /lanHoe Buramcienue ucnoib3yer oudbmmorexky PARI:

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E.anlist(30)

[o, 1, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, 0, -1, 4, -9, -2, 6, -12]

sage: v = E.anlist(10000)

BaiiMeT UL CeKYHIY I7Id TMOACIETa BCEX Gy g n < 10°:

sage: Jtime v = E.anlist(100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

DJUINIITHIECKUE KpUBbBIE MOTYT OBITH IIOCTPOEHBI C IMTOMOIIBLIO UX APJIBIKOB Cremona.

sage: E = EllipticCurve("37b2")

sage: E

Elliptic Curve defined by y~2 + y = x73 + x72 - 1873%x - 31833 over Rational
Field

sage: E = EllipticCurve("389a")

sage: E

Elliptic Curve defined by y°2 + y = x73 + x"2 - 2xx over Rational Field
sage: E.rank()

2

sage: E = EllipticCurve("5077a")

sage: E.rank()

3

Taxxke ects gocTym K Oaze manubix Cremona.

sage: db = sage.databases.cremona.CremonaDatabase()
sage: db.curves(37)
{'at': [[0, O, 1, -1, 0], 1, 11, 'b1': [[O0, 1, 1, -23, -50], O, 31}
sage: db.allcurves(37)
{ta1': [[0, O, 1, -1, 01, 1, 11,
'b1': [[O, 1, 1, -23, -50], 0, 3],
'v2': [[0, 1, 1, -1873, -31833], 0, 1],
'p3': [[0, 1, 1, -3, 1], O, 31}
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OO6beKTbI, BO3BpallleHHbIe 13 0a3bl JAHHBIX, He HpuHaexar tuiny EllipticCurve. 910 3jieMeHTbl 6a3bl
JAHHBIX, UMeloIwe mapy moseii. CyrecTByer Majas Bepcusi 6a3bl manabix Cremona, KOTOpast eCTh MO YMOJI-
YaHWIO B Sage U COAEPKUT OrPAHUIECHHYI0 HH(MOPMAIIHIO O JUIMNTHIECKUX KPUBBIX ¢ KOHIyKTOpoM < 10000.
Taxake cymecTByeT JOMOJTHUTEIbHAS OOJbIIas BEePCHs, KOTOPAs COAEPXKUT MCIEPIBIBAIOIIYI0 WHMOPMAIIIO
0 BCex KpuBbIX ¢ KoHaykropoM A0 120000 (Oxrabpe 2005). Eule ogun monosuurensubiii naker (2GB) ansa
Sage COIEpKUT COTHU MUJUIMOHOB SJUIMITUYECKAX KPUBbIX B 6a3e manubix Stein-Watkins.

2.12.3 CumBonbl Oupuxne

Cumson Jupuzxae - 310 pacumpenune romomopbusma (Z/NZ)* — R* ana konbua Rk Z — R.

sage: G = DirichletGroup(12)
sage: G.list()

[Dirichlet character modulo 12 of conductor 1 mapping 7 [--> 1, 5 |[--> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 [--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1,

Dirichlet character modulo 12 of conductor 12 mapping 7 |--> -1, 5 |--> -1]
sage: G.gens()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 [--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1)
sage: len(G)

4

Co3saB rpyiiLy, Hy>KHO CO3/aTh 3JIEMEHT U C €r0 MOMOIIBIO MOCYUTATD.

sage: G = DirichletGroup(21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |[--> 1, 10 |--> zeta6
sage: chi.values()

[0, 1, zeta6 - 1, 0, -zetab, -zetab6 + 1, 0, 0, 1, O, zeta6, -zeta6, 0, -1,
0, 0, zetab6 - 1, zeta6, 0, -zeta6 + 1, -1]

sage: chi.conductor()

7

sage: chi.modulus()
21

sage: chi.order()

6

sage: chi(19)
-zetab + 1

sage: chi(40)
-zeta6 + 1

Takke BO3MOXKHO HOCUUTATH fAeficTBue rpymnsl Lanya Gal(Q((n)/Q) Ha 9TH CHUMBOJEL

sage: chi.galois_orbit()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> -zeta6 + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |[--> 1, 10 |--> zeta6]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in gol

[1, 2’ 2’ 1’ 1’ 2’ 27 1]

sage: G.decomposition()

(continues on next page)
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[

Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and
—degree 2,

Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and
—degree 2

]

Hasiee nano nocrpoursb rpyuity cuMBosioB Jupuxie no moayio 20, Ho co 3nadenusimu ¢ Q(4):

sage: K.<i> = NumberField(x~2+1)

sage: G = DirichletGroup(20,K)

sage: G

Group of Dirichlet characters modulo 20 with values in Number Field in i with defining,
—polynomial x~2 + 1

Tenepb IIOCYUTaEM HECKOJBbKO MHBAPDUAHT G:

sage: G.gens()
(Dirichlet character modulo 20 of conductor 4 mapping 11 [--> -1, 17 [--> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 |--> 1, 17 |--> i)

sage: G.unit_gens()
(11, 17)

sage: G.zeta()

i

sage: G.zeta_order()
4

B nannom npumepe, cumBosibl Jlupuxiie cO3/1a10TCs CO 3HAYEHUSIMU B YUCJIOBOM 1I0JI€, $IBHO 3a/1a€TC: BbIOOD
KODHST 00beMHeHNsT TPeThUM aprymMenToM DirichletGroup.

sage: x = polygen(QQ, 'x")

sage: K = NumberField(x"4 + 1, 'a'); a = K.0
sage: b = K.gen(); a ==

True

sage: K

Number Field in a with defining polynomial x~4 + 1

sage: G = DirichletGroup(5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated by
—a in Number Field in a with defining polynomial x~4 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 [--> a~2

sage: [(chi~i)(2) for i in range(4)]

[1, a~2, -1, -a~2]

3nech NumberField(x~4 + 1, 'a') roopur Sage UCIOJB30BATH CHMBOJI «a» [Jis MEYaTH TOrO, YeM SB-
asiercss K (amcsosoe mosie ¢ ompeensionM noiuroMoM x4 + 1). Hazpanune «a» He 00bABICHO Ha JAHHBI
moment. Korna a = K.0 (skBuBasientno a = K.gen()) 6yzer OLEHEHO, CUMBOJI «a» MPEJCTaBJIsIeT KOPEHb
noiunoma 't + 1.
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2.12.4 MogpgynsipHble popmbl
Sage MOXKEeT BBINOJHATH BHIYHUC/IEHNUsI, CBA3AHHBIE C MOIY/ISAPHBIMU (pOpMaMu, BKIIIOYasT M3MEPEHMUsT, BBIUUC-
JIeHHEe MOIYJISPHBIX CHMBOJIOB, OepaTopoB ['ekKe u pa3toKeHus.

CylecrByeT HECKOIbKO JIOCTYTHbIX (DYHKIMH /115t BIYUCICHIS U3MEPEHIH IPOCTPAHCTB MOJLYJIIPHBIX (DOPM.
Hampuwmep,

sage: from sage.modular.dims import dimension_cusp_forms
sage: dimension_cusp_forms(GammaO(11),2)

1

sage: dimension_cusp_forms(Gamma0O(1),12)
1

sage: dimension_cusp_forms(Gammal(389),2)
6112

Jlasee TOKa3aHbl BBIYUCTEHUS OMEpaToOpoB ['ekke B MPOCTPAHCTBE MOIYISAPHBIX CUMBOJIOB YPOBHS 1 1 Beca
12.

sage: M = ModularSymbols(1,12)

sage: M.basis()

([X~8xY~2,(0,0)], [X~9%Y,(0,0)], [X~10,(0,001)
sage: t2 = M.T(2)

sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0(1)
of weight 12 with sign O over Rational Field
sage: t2.matrix()

[ -24 0 0]

[ 0 -24 0]

[4860 0 2049]

sage: f = t2.charpoly('x'); f

x"3 - 2001xx"2 - 97776*x - 1180224

sage: factor(f)

(x - 2049) * (x + 24)~2

sage: M.T(11).charpoly('x"').factor()

(x - 285311670612) * (x - 534612)"2

TaksKe MOYKHO co37aBaTh pocTpancTBo Jyist Lo(N) u T'y(N).

sage: ModularSymbols(11,2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols(Gammal(11),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with
sign O over Rational Field

Boruucium HEeKOTOPbIE XaPAKTEPUCTUYECKHUE [TOJMHOMBL U -DA3JIOKEHUS.

sage: M = ModularSymbols(Gammal(11),2)

sage: M.T(2).charpoly('x")

x~11 - 8*x710 + 20%x~9 + 10*x~8 - 145*%x~7 + 229%x~6 + 58*x"5 - 360%x~4
+ 70%x~3 - B51b6%x~2 + 1804*x - 1452

sage: M.T(2).charpoly('x').factor()

(x - 3) % (x +2)72 % (x74 - 7*x™3 + 19%x72 - 23xx + 11)

(continues on next page)
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* (x74 - 2%x73 + 4xx72 + 2%x + 11)
sage: S = M.cuspidal_submodule()
sage: S.T(2) .matrix()

[-2 0]

[ 0 -2]

sage: S.q_expansion_basis(10)
[

q - 2%¥q”2 - q73 + 2%q~4 + q~5 + 2xq"6 - 2*q~7 - 2xq~9 + 0(q~10)

Tax>xe BO3MOXKHbBI BbIYHCJICHUST TTPOCTPAHCTB MOJAYJIAPHBIX CUMBOJIOB C 6yKBaMI/I.

sage: G = DirichletGroup(13)

sage: e = G.0"2

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character

[zetaB], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2).charpoly('x').factor()

(x - zetaB - 2) * (x - 2*zetab - 1) * (x + zetab + 1)72

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of

dimension 4 and level 13, weight 2, character [zeta6], sign 0, over

Cyclotomic Field of order 6 and degree 2

sage: S.T(2).charpoly('x').factor()

(x + zetaB + 1)72

sage: S.q_expansion_basis(10)

[

q + (-zetab - 1)*q~2 + (2*zetab - 2)*q~3 + zetab*q~4 + (-2%zetab + 1)*q~b
+ (-2%zetab + 4)*q~6 + (2*zetab - 1)*q~8 - zetab*q~9 + 0(q~10)

]

IIpumep Toro, xaxk Sage MOXKET BBIYHUCIATH AEHCTBHS OMEPATOPOB l'eKke HA MPOCTPAHCTBO MOIYISAPHBIX
dopwm.

sage: T = ModularForms(GammaO(11),2)

sage: T

Modular Forms space of dimension 2 for Congruence Subgroup GammaO(11) of
weight 2 over Rational Field

sage: T.degree()

2

sage: T.level()

11

sage: T.group()

Congruence Subgroup GammaO(11)

sage: T.dimension()

2

sage: T.cuspidal_subspace()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup GammaO(11l) of weight 2 over Rational Field

sage: T.eisenstein_subspace()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO(11) of weight 2 over Rational Field

(continues on next page)
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sage: M = ModularSymbols(11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weight()

2

sage: M.basis()

(1,0, (1,8), (1,9))

sage: M.sign()

0

Homycrum, T;,, — 310 06brunbI onepaTop exkke (p mpocroe). Kax omeparopst T'ekxe Th, T3, T BeayT cebs B
MPOCTPAHCTBE MOLY/ISPHBIX CHMBOJIOB?

sage: M.T(2).matrix()
[ 3 0-1]
[0-2 0]
[o 0 -2]
sage: M.T(3) .matrix()
[ 4 0 -1]
[0-1 0]
[0 0 -1]
sage: M.T(5) .matrix()
[6 0 -1]
[o 1 0]
Lo 0 1]
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HTepakTuBHas obonoyka

TTouTn Bcerma B 3TOM PYKOBOJCTBE MbI MPEINOTIAraeM, YTO HHTEPIPETATOp Sage ObLIT 3amyIlneH KOMaHION
sage. Ona 3anycrur cnenuaabHyo Bepcuio Konconu [Python u mmmoprupyer MuOXKecTBO QyHKIMIA U KJIac-
COB, TaK YTO OHU I'OTOBBI JJId UCIIOJb30BAHUS B KOMAaH/(HOM cTpoke. Bosiee ToHkas HACTPOHKA IPOU3BOIUTCS
pemakTuponanueM (daitia $SAGE_RO0T/ipythonrc. IIpn 3amycke Sage BbI yBUINTE BBHIBOJ, TIOXOXKWIT Ha, CJIe-
JYIOITA:

| SageMath version 9.7, Release Date: 2022-01-10 |
| Using Python 3.10.4. Type "help()" for help. |

sage:

Yrobsr BeiiTH 13 Sage, Haxkmurte Ctrl-D nin BBeanTe qUit mam exit.

sage: quit
Exiting Sage (CPU time Om0.00s, Wall time OmO.89s)

Wall time — 310 mpormeamee Bpems. 10 3HadeHne BepHO, moromy kKak B «CPU time» He BXOIUT Bpems,
ucrnoab30BanHoe cyomporeccamu spoge GAP waum Singular.

(ITocrapaiitech He ybusarb mpouecc Sage komanaoil kill -9 u3 TepMuHAJIA, HOTOMY 4YTO Sage MOXKET He
yOUTh JOUEepHHUE MPOIECChl, Takne Kak Maple, uin MoxkeT He OYUCTUTDL BpEMEHHbIE (ailibl U3 TUPEKTOPUN
$HOME/ . sage/tmp.)
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3.1 Bawa ceccusa Sage

Ceccust — 3TO MOC/IEIOBATEIFHOCTh BBOIOB W BBIBOJIOB HAUWHAS C 3AIYCKa MPOTPAMMBI U 3aKAHYUBAS BbI-
XOIOM U3 Hee. Sage 3aHOCUT BCIO UCTOPWIO BBOAOB B log-daits, ucnonb3ys IPython. Ecau Bbr ncmosms3yere
UHTEPAKTUBHYIO 0060si0uKy (He BeG-unrTepdeiic Notebook), To Bbl Moxere BBecTu %hist, 4roObl BbIBECTH
CIHUCOK BCEX BBEJEHHBIX KOMaH/. Bbl MoxkeTe BBecTH 7 B KOMAH/IHOM CTPOKE Sage, YT00bI MOIyYuTh HOIbIIe
unuadopmarmu o IPython, nampumep, «IPython mpemocrapiaser mpoHyMepOBaHHBIE KOMAHIHBIE CTPOKH. .. C
KEeIMMPOBAaHNEM BBOIA U BHIBO/A. Bce BBeIEHHBIE JAHHBIE COXPAHAIOTCS W MOTYT OBITH MCIOJb30BAHBI KAK
nepeMeHHbIe (IOMUMO OOBIYHOTO BBI30Ba € MOMOIIBLIO CTPEOK). Ciemyonye riodajbHble IePEeMEHHBIE TPU-
CyTCTBYIOT Beerzja (He nepesanucbiBaiite ux!)»:

previous input (interactive shell and notebook)
__: next previous input (interactive shell only)
_oh : list of all inputs (interactive shell only)

IIpumep:

sage: factor(100)

1 =272 % 572

sage: kronecker_symbol(3,5)

2 =-1

sage: %hist # PaboTaeT TONBKO B WMHTEDaKTHBHOH oboNoYKe, HO He B Sage notebook.
1: factor(100)

2: kronecker_symbol(3,5)

3: Jhist

sage: _oh

4 ={1: 272 *x 572, 2: -1}

sage: _il

_5 = 'factor(ZZ(100))\n'

sage: eval(_il)

_6 =272 x 572

sage: %hist

1: factor(100)
2: kronecker_symbol(3,5)
3: %hist
4: _oh

b: _il

6: eval(_il)

7: %hist

MpbI He BKJIIOYAEM HOMEDPA CTPOK B 3TOM y4eHHOM MOCOOWH W B APYroi JOKYMEHTAIUU Sage.

Bbr Takake moxkere XPaHUTb CIIMCOK BBE€AEHHDBIX KOMaH/l CECCUHU B BHAE MaKpPOCa JJid CECCHH.

sage: E = EllipticCurve([1,2,3,4,5])
sage: M = ModularSymbols(37)
sage: %hist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols (37)

3: Jhist

sage: Jmacro em 1-2

Macro “em” created. To execute, type its name (without quotes).
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sage: E
Elliptic Curve defined by y~2 + x*y + 3%y
Rational Field

Xx~3 + 2*x~2 + 4xx + 5 over

sage: E =5

sage: M = None
sage: em
Executing Macro...
sage: E

Elliptic Curve defined by y~2 + x*y + 3%y = x73 + 2%x"2 + 4*x + 5 over
Rational Field

Ilpu ucnonp3oBanuy wHTEPAKTUBHON 000109k Sage, obas UNIX-komana MOKeT ObITh 3allyIieHa ¢ mo-
morkio npedukca . Hanpumep

sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex

BO3BPAIIAET COMIEP>KAHUE TEKYTIEH TUPEKTOPUH.

Iepemennas PATH coxkep:kuT aupekTopuio bin (6unapubie (ailibl) B caMoM Hadaje, TaK YTO €C/IH Bbl 3a-
myckaere gp, gap, singular, maxima, u T.JI. BbI MOJIy9aeTe BEPCUHU, BKIIOYEHHBIE B Sage.

sage: !gp
Reading GPRC: /etc/gprc ...Done.

GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version

sage: !singular

SINGULAR /  Development
A Computer Algebra System for Polynomial Computations /  version 3-0-1
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 >XypHanupoBaHune BBOga 1 BbiBOAA

ZKypuanuposanue ceccuu Sage 3TO He TO ¥Ke caMoe, 94To coxpHanenue ceccuu (cMm. Corpanenue u 3a2pyska
NOANLE ceccudl iiig 31oro). g xKypHuaaupoBanus BBoAa (M, ONIMOHATIBHO, BEIBOJA), UCIOJIb3YHTE KOMAHLY
logstart. Beeaure logstart? s nogpobuocreii. Bor MoxkeTe UCIOIb30BATE ITY KOMAH/TY s 2Ky PHAJIHPO-
BaHUs BCEr0, 9YTO Bbl BBOJUTE, BCEIO BHIBOJA, U AK€ MOXKETe BOCIPOU3BECTH BBE/IEHHDIE JaHHbIE B Oymyieit
ceccun (mpocTo 3arpy3us log-daiin).

was@form:~$ sage

| SageMath version 9.7, Release Date: 2022-01-10 |
| Using Python 3.10.4. Type "help()" for help. |

sage: logstart setup
Activating auto-logging. Current session state plus future input saved.

(continues on next page)
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Filename : setup
Mode : backup
Output logging : False
Timestamping : False
State : active

sage: E = EllipticCurve([1,2,3,4,5]) .minimal_model()
sage: F = QQ~3

sage: x,y = QQ['x,y'].gens()
sage: G = E.gens()
sage:

Exiting Sage (CPU time Om0.61s, Wall time Om50.39s).
was@form:~$ sage

| SageMath version 9.7, Release Date: 2022-01-10 |
| Using Python 3.10.4. Type "help()" for help. |

sage: load("setup")

Loading log file <setup> one line at a time...

Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y~2 + x*xy = x"3 - x"2 + 4*x + 3 over Rational
Field

sage: X*y

XXy
sage: G
[(2:3: 1]

Ecinu Bbl ucnosbdyere Sage B konsole — repmunase cpeabl KDE 8 GNU/Linux — Toraa Bbl MOXKeTe coXpa-
HUTDH CECCHUIO CJIEYIONIM 00pa3oM: Tocie 3ammycKa Sage B konsole, Boibepure «settingsy, morom «history. . . »,
moroMm «set unlimiteds. Korma Bl TOTOBBI COXpaHUTH ceccuio, BeiOepute «edits um «save history as...» u
BBeauTE M daiina ayisa coxpanenus. [locie 3TOro BbI MOXKeTe BOCIOIb30BATHCSA JIIOOBIM TEKCTOBBIM PEIAK-
TOPOM, HAIIPUMED XE€Iacs, [Jist 9TeHus daiia.

3.3 BcTaBka urHopupyeTt npurinaiwleHume

JomnycruM, Bbl 9uTaeTe ceccuio Sage wid Bbraucienus Python, u xorure ckonmposars ux B Sage. Ho ectb
onHa mpobyieMa: 3HaK| >>> nin sage:. Ha camom jiesie BT MoOYKeTe KOTTMPOBATH M BCTABJSTH MTPUMEPHI, KOTO-
phle BKJIIOYAIOT 3TN 3HaKku. IprynMu ciioBamu, Sage NTHOPUPYET CUMBOJIBI >>> MJIN sage: Nepe/ OTIIPABKON
xomaua B Python. Hampuwmep,

sage: 2710

1024

sage: sage: sage: 2710
1024

sage: >>> 2710

1024
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3.4 KomaHpgbl namepeHnsi BpemeHu

Ecsu BoI BBeneTe KoManay %time B Ha9ase CTPOKH BBOA, TO BPeMsi, 3ATPAICHHOE HA BBIOIHEHUE OIIEPAIINH,
OyzeT BbIBeIEHO Ha dKpaH. Hampumep, Bbl MOKeTe U3MEPUTHh BPeM: BLIIOJIHEHH OLEPAIMU BO3BEICHUS B
CTEeNeHb HeCKOIbKUMU Ty TsiMu. [lokazanus HuzKe OyayT OTANYATHCS OT BAIIAX; OHU MOTYT OTJIHYATHCS TarKe
B pa3HbIX Bepcusx Sage. Yucterii Python:

sage: Jtime a = int(1938)~int(99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

1o o3nauaer uro 0.66 cexkynm ObLIO 3aTpadeHo B cymme, a «Wall times, (npormemmee Bpems), Toxe 0.66
cexkyna. Ecau Bamm KOMOBIOTED CHJIBHO 3arpyzkeH Apyrumu mporeccamu, 1o «Wall times moxker cuibHO
OTJIMYATHCSA OT MPOIECCOPHOIO BPEMEHH.

Jasiee MbI ocunTaeM BpeMsi BO3BEJEHHs B CTELEeHb € HCIOIb30BAHHEM BCTPOEHHOIO B Sage LeJIOYHCIeHHOrO
TUTA JTAaHHBIX, peann3osannoro (B Cython) ¢ ncnonb3opannem 6nbnnorekn GMP:

sage: /time a = 1938799484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

Ucnonn3yst uarepdeiic PARI u3 6ubanorexkn C:

sage: Jtime a = pari(1938) pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMP Beger cebst Jiydiue, HO TOJIBKO HEMHOIO (KaK M OxKUIAJIOCH, BeJb Bepcusd PARI, Berpoennasi B Sage,
ucnonbdyer GMP s paboThI € HEIBIMY YUCIAMHY).

Brr Takxke moxkere 3aMEPUTH BPEMA BBIIIOJTHEHUA OJI0Ka KOMaH/, C IOMOIIBIO cput ime, KaK IIOKAa3aHO HHUXKeE:

sage: t = cputime()

sage: a = int(1938) " int(99484)

sage: b = 1938799484

sage: ¢ = pari(1938) "pari(99484)

sage: cputime(t) # random output
0.64

sage: cputime?

Return the time in CPU second since Sage started, or with optional
argument t, return the time since time t.

INPUT:

t -- (optiomnal) float, time in CPU seconds
OUTPUT:

float -- time in CPU seconds

Kowmanma walltime BemeT cebs Tak ke, KAK cputime, HO OHA U3MEPSET HACTOSIIIEE BPEMS.

Mpbr TakKe MOKEM BO3BECTH YHCJO B CTEIEHDb, UCIOJIb3ys CACTEMBbI KOMIIBIOTEPHON anreOphl, BKIIOUEHHBIE
B Sage. B kaxk/ioM ciiydae Mbl 3aIlyCKaeM HPOCTYI0 KOMAHJLy B CHCTEME YTOObL 3AIlyCTUTH CEPBEP Jisd TOMR
nporpammbl. Camoe TouHOe - Bpems 310 Wall time. OgHaxo, ecjiu CyIecTByer CyIeCTBeHHAS PA3HUIIA MEXK Iy
9TuM 3HadenueM u nporueccopubiM Bpemerem (CPU time), TO, BO3MOXKHO, €CThb CMBICJ [IPOBEPUTH CHCTEMY
Ha HaJIn4due HpO6HeM IPOU3BOJUTEIBHOCTH.
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sage: time 1938799484;
CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01
sage: gp(0)
0
sage: time g = gp('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: maxima(0)
0
sage: time g = maxima('1938799484')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.30
sage: kash(0)
0
sage: time g = kash('1938799484"')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: mathematica(0)
0
sage: time g = mathematica('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
sage: maple(0)
0
sage: time g = maple('1938799484"')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11
sage: gap(0)
0
sage: time g = gap.eval('1938799484;;")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

Bamersre, uro GAP u Maxima gBISIOTCA CAMBIMEM MEJJIEHHBIME B 3TOM TecTe (TecT ObLI TpPOBEIEH Ha
MmaruHe sage.math.washington.edu). Tak kak onu paboTaroT ¢ ApyruM uHTEPdERCcOM, HAICTPOSHHBIM HAJT
HUAMH, CyIuTh 00 aDCOJIIOTHON MPOU3BOAUTEIFHOCTH ITHX CUCTEM HE CTOHUT

3.5 Ownbkun n nckaryvYeHns

Korua uro-to uzer He Tak, 00bI9HO MOXKHO yBHIeTh ucKiaodenue Python (Python «exception»). Python naxe
MOMBITAETCS TIPE/IIOJIOKUTD, YTO BBI3BAIO OMUOKY. JacTo BbI MOXKETE BHJIETHh UMsl UCKJIIOYEHUST, HAIPUMED,
NameError uiu ValueError (cm. Python Library Reference [PyLR| ass nosnoro cuucka uckiiodenuit).
Hampuwmep,

File '"<console>", line 1
Z7(3)_2

SyntaxError: invalid ...

(continues on next page)
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Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

VHTepakTHBHBINA OTIAAYUK MOKET ObITH IIOJIE3HBIM [IJIsl HOHUMAsl TOrO, 9TO MOMLI0 He Tak. OTia auK Mox-
HO BKJIIOYATh WJIM BbIKJIIOYaTh KOMaH0d %pdb (10 ymosdanuio on BbikiiodeH). [Ipursamenune KomanaHoil
CTPOKH ipdb> moABIAETCA Ha IKpaHe, eCJIU CIYyUUIOCh MCKIIOUEHNE M OTJIQTIUK ObLT BKJO4YeH. 3 oTmasn-
YUKA BBl MOYKETE BBIBECTH Ha IKPAH COCTOAHUE JIIOOOU JIOKAJIBHON MEpPEMEHHOU U JBUTATHCA BBEPX W BHU3
no creky (execution stack). Hanpuwmep,

sage: %pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve([1,infinity])

<class mexceptions.TypeError'> Traceback (most recent call last)

ipdb>

s monydenns CIMCKa KOMAH/[ OTJIAINKa BBEAUTE 7 B KOMAHIHOW CTPOKe ipdb>:

ipdb> 7

Documented commands (type help <topic>):

EOF break commands  debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u
alias c cont down ignore n pinfo return unalias
args cl continue enable j next pp s up
b clear d exit jump P q step W

whatis where

Miscellaneous help topics:

exec pdb

Undocumented commands:

retval zrv

Haxwmute Ctrl-D unn BBeguTe quit 9T00BI BEPHYTHCS B Sage.
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3.6 OGpaTHbLIi NONCK N aBTOAOMOJIHEHNE

Crauajia co31a/MM TPeXMepHOe BeKTopHoe npocrpancTso V = Q3 cieayrommm o6pasom:

sage: V = VectorSpace(QQ,3)
sage: V
Vector space of dimension 3 over Rational Field

MoskHO MCTIOTH30BATH COKpaIlleHHOe obo3HaveHMe:

sage: V = QQ~3

Bseaure nauasio Komanipl, 10TOM Hazxkmure Ctrl-p (MM HPOCTO HAXKMUTE CTPEJIKY BBEDX HA KJaBUATYDE)
9TOOBI BEPHYTHCS K JIIOOON M3 CTPOK, KOTOPbIE BbI BBOAWJIN, HAYWHAIOIIEHCS C TAKUX YK€ CHUMBOJIOB. IDTO
paboTtaer [axke ecyad BblI MMOJHOCTH BBINUIM W3 Sage ¥ Tepe3alyCTUIN ero mosxe. MOoXKHO HCIoIb30BaTh
u OOpATHBIN MOUCK 1O UCTOPUU KOMAHJ ¢ moMombio Ctrl-r. Bee T BO3MOXNKHOCTH HCHIOIB3YIOT MAKET
readline KOTODBIl gocTynen nouTu Ha Beex pasnoBugnocTsax GNU/Linux.

MoO2KHO € JIErKOCTBIO BBIBECTH CIIHMCOK BceX pyHKnmit fas V, ucmnoiap3ys asrojgonosnenne. IIpocto BBeguTe
V., norom naxxmute [TAB] ma cBoeil KiaBuaType

sage: V. [tab key]
V. _VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring
.basis
.coordinates

S s,Sm< -

V.zero_vector

Ecsin BbI BBeZieTE 11€PBHIE HECKOJIBKO CUMBOJIOB KOMaH/bI, & ToTOM Haxkmére [TAB], Bol mosyunre dyHKINH,
KOTOpble HAYUHAIOTCA C 9TUX CUMBOJIOB.

sage: V.i[tab keyl]
V.is_ambient V.is_dense V.is_full V.is_sparse

Eciu Bam maTEpECHO, 9TO /eaeT Kakas-HuOyib pyHKIus, Hanpumep coordinates, sBeaure V. coordinates?
LIS TIOJTyYeHust CripaBKu un V. coordinates?? /s MOy Y€HUS KCXOMHOTO KO/Ia (00bACHIETCS B CIIEAYIONIEM
paszesne).

3.7 BcTpoeHHasi cnpaBo4yHasi cuctema

Sage obiaiaeT BCTPOEHHO clipaBoYHON cucremoii. Begure HazBanue QyHKIUA €O 3HAKOM ¢ JIJIs HOCTYIA K
JIOKYMEHTAIMH 110 3TON pyHKIMH.

sage: V = QQ~3
sage: V.coordinates?

Type: instancemethod
Base Class: <class 'instancemethod'>
String Form: <bound method FreeModule_ambient_field.coordinates of Vector

(continues on next page)
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space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates(self, v)

Docstring:

Write v in terms of the basis for self.
Returns a list c such that if B is the basis for self, then
sum c_i B_i = v.

If v is not in self, raises an ArithmeticError exception.

EXAMPLES:
sage: M = FreeModule(IntegerRing(), 2); MO,M1=M.gens()
sage: W = M.submodule([MO + M1, MO - 2xM1i])
sage: W.coordinates(2*M0O-M1)
[2, -1]

Kak moka3aHo BbIle, BHIBOI TOKA3BIBAET TUI 00HLEKTA, (ail, B KOTOPOM OH ONPEESIEH W MOJIE3HOE OITh-
canre (byHKIMHU C MpUMepaMu, KOTOPbIe MOXKHO BCTABUTH B Ballly TEKyIIyio ceccuro. [louru Bce mpumepbt
MTO/IBEPTAIOTCS PEryJIsiPHOI aBTOMATHUYIECKON TPOBEPKE HA MpeaMeT PabOTOCIOCOOHOCTH W HAIWdus Tpebye-
MOTO TIOBE/IEHHUSI.

Jpyras BO3MOXKHOCTH XOPOIIIO OTPAKAET /IyX OTKPBLITOrO IPOrPaMMHOIo obecredenus: ecin £ 310 pyHKIms
Python’a, To £77 BbIBemeT MCXOMHBIN KO, KOTOpHIH onpenenser . Hanpuwmep,

sage: V = QQ~3
sage: V.coordinates??
Type: instancemethod

Source:
def coordinates(self, v):

Write $v$ in terms of the basis for self.

return self.coordinate_vector(v).list()

Orciofa Mbl 3HAEM, 9TO BCe, 9TO Jiesaer pyHknus coordinates, 910 Bbi30B (pyHKIMEU coordinate_vector
¥ TIPEBPAIIaeT pe3ysibTaT B CIUCOK. UTo memaer dyHKImsa coordinate_vector?

sage: V = QQ~3
sage: V.coordinate_vector??

def coordinate_vector(self, v):

return self.ambient_vector_space() (v)

Oyukiusg coordinate_vector y/ep:KUBAET BBEJEHHBbIE 3HAYEHUs BO BHEIIHEM IIPOCTPAHCTBE, 9TO HO3BO-
JIsieT JOOUTHCS TAKoro ke 3hdEKTa, KaK Mpy BHIYUCIEHUH BEKTOPA KOI(DMUIINEHTOB MEPEMEHHON ¥ C TOU-
ku 3perus V. IlpocTparcTso V yike BHemHee, Tak Kak oo apiderca Q3. CymecTByer Taxkxke QyHKIHSA
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coordinate_vector Juisd HOANPOCTPAHCTB, U OHA BejeT cebsg mo-muHoMy. Mbl cO31uM HOAIIPOCTPAHCTBO U
TTOCMOTPHM:

sage: V = QQ~3; W = V.span_of_basis([V.0, V.1])
sage: W.coordinate_vector??

def coordinate_vector(self, v):
mnn

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector(v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user_matrix()

return T.linear_combination_of_rows (w)

(Ecim BBI cunTaere, 4TO CyIIECTBYOIIAs peanusaimsa HedddexkTusHa, moxKamyicra, 3aperucTpupyiTech u
HOMOTUTE ONTHMU3UPOBATH JIMHEHHYIO aireopy.)

Bur Takzke moxkere BBecTn help (ums_roMarms) uiu help(kmacc) [uisd MOJIydYeHUs CIPABKHU O KJIACCAX UJIU
GYHKIUAX B CTHJIE Man-CTPAHMAIIL,

sage: help(VectorSpace)

Help on class VectorSpace
class VectorSpace(__builtin__.object)
| Create a Vector Space.

I
| To create an ambient space over a field with given dimension
| using the calling syntax

Korzma Bor BBOAUTE q /1151 BHIXOJA U3 CIIPABOYHON CHCTEMBI, BAIlla, CECCUsI HAXOIUTCS B TOM K€ COCTOSTHUAM, ITO
u 70 3roro. CopaBka He 3axXJIaMJISeT Balll KpaH, B orynyue ot ¢Gopmbl function_name?, KOTOpas WHOTIA
MOXKeT OCTaBJIATh HHMOPMaIuio B Baiiei ceccun. QCoOEHHO 10Ie3HO0 UCIOb30BaTh help (module_name). Ha-
TMpUMep, BEKTOPHBIE MMPOCTPAHCTBA OMUCAHBI B sage.modules.free_module, mosTomy BBeanTE help(sage.
modules.free_module) mjis gokyMeHTanuu 000 BceMm Momysie. Korga BbI MPpOCMATPUBAETE JOKYMEHTAIUIO B
CIIPABOYHOI CHCTEME, BBl MOXKETE OCYIIECTBJIATH MOUCK C MOMOIIBIO0 / U B 0OPATHOM MOPSIIKE C MOMOIIBIO 7.

3.8 CoxpaHeHue n 3arpy3ka oThes/ibHbIX 00bEeKTOB

JlomycTuM BbI BBIYUC/IMIN MATPUILy WA XYXKe: CJIOKHOE MPOCTPAHCTBO MOYJISIPHBIX CHMBOJIOB, U XOTHUTE
COXPaHUTL ero mjisg paborsl B OyaymeMm. Kak sTo caenars? EcTb HECKONBKO CIIOCOOOB, KOTOPBIMH KOMIIBIO-
TEepHBIE AJTeOPhl TMOIB3YIOTCS [/ COXPAHEHUsT OO'bEKTOB.

1. Coxpauutb urpy: IlojuepxuBaercs cOXxpaHeHune M 3arpy3ka TOJIBKO TOJHBIX ceccuil (Hanpumep,

GAP, Magma).

2. YaudunupoBaHHbIH BBOJ,/BbIBO/: BbIB0 00bEKTOB Ha IKPaH B TAKOM BH/IE, B KOTOPOM OHU MOT'YT
Oerrh cumrans nosxe. (GP/PARI).

3. Eval: Jlerkuii cuocob 3anycka joboro koga B unrepuperarope (nanpumep, Singular, PARI).
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Tak kak Sage nocrpoen Ha Python’e, o ucnonb3yer HHON HOAXO/: KaxkKIblil 00bEKT MOXKET ObITH IIPEBPAIIEH
B CTPOKY, U3 KOTOPO# B MOCJEACTBUN MOKHO BOCCTAHOBUTH 00HeKT. Crocob CxXo¥k €O CrnocoboM yHupUKAIINN
BBOJA ¥ BbIBOJA, Kak B PARI, HO B ciydae ¢ Sage HeT HEOOXOJAMMOCTH BBIBOIUTH OOBEKT HA IKPAH B CaMOil
Heyno6uoii dhopme. Takzke, nomaepKka coxpaHeHus U 3arpy3ku (B GOIBIIUHCTBE CIy4aeB) MOJHOCTHIO ABTO-
MaTH4HA, He TPebyeT MOMOTHATEILHOrO IPOrPAMMHUPOBAHUS; 9TO MPOCTO BO3MOXKHOCTL Python’a, koTopas
ObLIA BKJIIOYEHA B g3bIK C CAMOIO HAYAJIA.

Tlouru m1060#1 OOBEKT X MOMXKET OBITh COXpPAHEH B CXKaToi (opMe HA JUCK MPU TMOMOIIHA KOMAHIbI
Ssave(x, filename)““ (unmm Bo MmHOrEMX ciayuaax , x.save(filename)““). Jlns 3arpysku o0bEKTa BBEIUTE
»load(filename)““.

sage: A = MatrixSpace(QQ,3) (range(9))~2

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

sage: save(A, 'A')

Teneps BoriiauTe U3 Sage u nepesamycrute. Tenepb BbI MOXKeTE MOJIYYIUTH ,,‘A““ 0ObparHO:

sage: A = load('A")

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

To ke camoe MOXKHO IeIaTh U ¢ 60jiee CI0KHBIMUA O0bEKTAMHU, HATIPUMED SJIIUITHYECKUMY KPUBBIMU. Best
unrdopmarys 06 06bekTe (KOTOpas HAXOIUTCSA B KEIE) COXPAHAETCs BMecTe ¢ 00beKToM. Hampumep,

sage: E = EllipticCurve('lla')

sage: v = E.anlist(100000) # mpebyem Hekomopo20 epeMeHl. . .
sage: save(E, 'E')

sage: quit

Coxpanennas Bepcus E 3anumaer 153 kumobura, Tak Kak B HeM cofepzkarcsa nepsbie 100000 a,.

~/tmp$ 1s -1 E.sobj

-rw-r--r-- 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E")

sage: v = E.anlist(100000) # mMomeHnmanbHo!

(B Python, coxpanenue u 3arpyska ocyiectsigerca moaysiem cPickle. O0bekT Sage x MOXKeT ObITH COXpa-
HeH ¢ nmomoinbio cPickle.dumps(x, 2). O6parure Buumanue ua 2!)

Sage He MOXKET COXPAHSITH U 3arpyKaTh OOBEKTHI, CO3IAHHBIE B JPYTUX CHCTEMaX KOMIIbIOTEPHON ajaredpsl,
rakux kak GAP, Singular, Maxima u np. Onu 3arpy»Kaforcs B COCTOSHUN, KOTOPOE IOMe4eHO Kak «invalid.
Xors, B GAP mMHOrHe 06beKThl BHIBOAATCS B (OpME, U3 KOTOPOH MX TTOTOM MOYKHO BOCCTAHOBUTE, HO MHOTHE
HE BBIBOJATCS B Takol (popMe, MOITOMY WX BOCCTAHOBJIEHUE W3 TAKOTO BHJIa HAPOYHO 3AIPEINEHO.

sage: a = gap(2)

sage: a.save('a')

sage: load('a')

Traceback (most recent call last):

(continues on next page)
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ValueError: The session in which this object was defined is no longer
running.

O6bexror GP/PARI MoryT Gbirh COXpAHEHbL 1 3aPY2KEHbL, TAK KAK MUX BUJL LIPU BbIBOJE HA S9KPAH J0CTATOYEH
JIJIS1 BOCCTAHOBJIEHUS OOBHEKTA.

sage: a = gp(2)
sage: a.save('a')
sage: load('a')

2

CoxpaneHHbIE OOBEKTHI MOI'YT OBITH 3arPy2KEHbI 11032Ke HA KOMIIBIOTEPAX € JIPYIOfl apXUTEKTYPOil Wiu ore-
PAIIMOHHOM CUCTEMOIl, HATPUMED, Bbl MOYKETE COXPAHUTH OTPOMHYIO MaTpuIly B 32-6utHoit OS X u 3arpy3uth
ee B 64-6mtHyto GNU/Linux, npusectn K crymnendaroii dpopme u nepemecTuTh o6parHo. TakKe BO MHOTHX
CIy9asix Bbl MOXKETE 3arpyKaTh OOBEKTHI B BEPCUU Sage, OTJINYHbIE OT BEPCUH, HA KOTOPOI OHU OBLINA COXPa-
Henbl. Bee arpubyrbl 06beKTa COXpaHMIOTCH BMECTe C KJIacCoOM (HO He BKJIIOYas MCXOAHBIA KOJ), KOTODPbIIl
onmceiBaer 00bekT. Eciu kirace b6osee He cymmecTByeT B HOBOW Bepcuu Sage, TOria OObeKT HE MOXKET ObITh
3arpysKeH B 9Ty HOBYIO Bepcuio. Ho eciii BBI 3arpy3ure ee Ha BEPCHUIO HUYKE, MOJYIUTEe CIOBAPh 00HEKTOB (C
HOMOIIBIO X.__dict__) U COXpaHuTe CJI0BAPh, TO CMOXKETE 3arpy3UTh €ro B HOBYIO BEPCHIO.

3.8.1 CoxpaHeHune B BUae TekcTa

Bor Takke Mmoxkere coxpanaTh 00bekThl B Buie Habopa ASCII cuMBoI0B B 1pocToil TeKcTOBbI (haila mpocThiM
orkpbiTueM (ailia u COXPAHEHUeM CTPOKU, KOTOPas Bbipazkaer (onucbiBaer) 00bekT (Bbl MOXKETe 3allUChIBATD
HECKOJIbKO 00beKTOB). He 3a0yapTe 3akpbITh (hails mocie m00aBIeHns JaHHbIX.

sage: R.<x,y> = PolynomialRing(QQ,2)
sage: £ = (x+y)~7

sage: o = open('file.txt','w')

sage: o.write(str(f))

sage: o.close()

3.9 CoxpaHeHue n 3arpy3ka MoJiHbIX ceccui

Sage obamaeT oueHb rHOKUMY BO3MOXKHOCTSIMY COXPAHEHUS W 3arPy3KHU MOJHBIX CECCUU.

Komanja save_session(sessionname) coxpaHsieT BCe MepeMeHHbIE, KOTOPBIE Bbl 33/IaJIA B TEKYIIEH CecCun
B Bu/ie CJI0Bapd B 33/laHHOM sessionname. (B peakom ciyuae, Korna oObeKT He HOIJIEPAKUBACT COXPAHEHUS,
OH TIPOCTO He OyJeT BKJIOYEH B CJI0Baph.) B pesynbrare Gymer co3man ¢ail ¢ paciupenueM .sobj u Moxker
OBITH 3arpy’kKeH Kak Jio0oi apyroii oobekT. Korma Bbl 3arpyrkaere COXpaHEHHbIE O0BEKTHI B CECCHUIO, BbI
MTOJIy9aeTe CJIOBAPh, KII0YaMi KOTOPOTO SIBJIAIOTCH MMEHA MEPEMEHHBIX, & 3HAYEHUSIMHU — OOBEKTHI.

Bor moxkere ncmonb3oBarh KoMauay load_session(sessionname), 9T0OBI 3arpy3UTDh IEPEMEHHBIE, OITUCAH-
Hble B sessionname, B TEKyIIYIO CECCHIO. 3aAMETHTE, 4TO HTO HE yJAJAET IePEMEHHbIE, 3aJIAHHbIE B 3TON
ceccun. Bmecro aToro, aBe ceccnn 0ObEIUHSIOTCS.

st Havasa 3amycTuM Sage U 33/1a/IMM HECKOJIbKO epEMEHHbIX.

sage: E = EllipticCurve('l1a')
sage: M = ModularSymbols(37)
sage: a = 389

(continues on next page)
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sage: t = M.T(2003) .matrix(); t.charpoly().factor()
4 = (x - 2004) * (x - 12)"2 * (x + 54)"2

Jasnee, COXpaHUM HAIIY CECCHUIO, 9TO BKJIIOYUT B ¢eOs COXPAHEHUE BCEX 3a/IAHHBIX BBIIIE EPEMEHHbIX B (hailil.
TTorom mbr poBepuM uHpoOpManuio o daiiae. Ero pasmep — 3 kumobaiita.

sage: save_session('misc')

Saving a

Saving M

Saving t

Saving E

sage: quit

was@form:~/tmp$ 1ls -1 misc.sobj

-rw-r--r-- 1 was was 2979 2006-01-28 19:47 misc.sobj

Hakoner, MbI nepe3anyctuM Sage, 3aaiM JONOJHUTEIHHYIO IEPEMEHHYIO U 3arPDYy3UM COXPAHEHHYIO Cec-
CHIO.

sage: b = 19

sage: load_session('misc')
Loading a

Loading M

Loading E

Loading t

Kaxmas coxpanenHas mepeMeHHas CHOBA, ABJISIeTCs mepeMeHHoii. Kpome Toro, nepementas b He ObLIa mepe-
3aMmcaHa.

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y™2 + y = x°3 - x72 - 10*x - 20 over Rational
Field

sage: b
19
sage: a
389
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NHuTepdeiicsi

Kpaeyronbubim KamMaeM Sage siBIseTCs TMO/IIEPXKKA BBIYUCTIEHUN ¢ HCTOTB30BAHIEM O0BEKTOB M3 PA3HBIX CH-
CTeM KOMBIIIOTEPHOM anreOpbl, KOTOPbIE HAXOIATCS «IIO OMHON KPBIMIeiy W UCHONB3yIoT obmnii marepdeiic
U YUCTBIA A3bIK [IPOIPAMMUPOBAHUS.

Metoant console u interact unrepdeiica menaor pasubie Bemu. Hampumep, ucnonb3ys GAP kak npumep:

1. gap.console(): OrkpriBaer koHconb GAP u nepemaer ynpasnenne GAP’y. 31ecs Sage BoicTynaer B
posu yao6HOit KoMaHAHON cTpoKu, Hanoaobue obosouku Bash B GNU/Linux.

2. gap.interact(): D10 ymobHbIH cocod BlaumojeiicrBus ¢ 3anyiieHabiM uarepdeiicom GAP, «3amnosn-
HEHHBIM» O00bekTaMu Sage. Bbl Moxkere MMIOPTHPOBAThL 00bEKTHI Sage B ceccuto GAP (naxe w3 wn-
TEepaKTUBHOTO uHTEpdeiica), 1 1p.

4.1 GP/PARI

PARI 370 KOMMakTHAasl, OUEHb MPOAYMAHHAS W XOPOIIO ONTUMU3UPOBaHHAs Tporpamma Ha C, cocpemoro-
qenHas HA Teopuu unces. CyIecTByeT ABa pa3aesbHbIX nHTEepdEica, KOTOPhIE BbI MOXKETE WCIIOIH30BAThH B
Sage:

e gp - gp - uarepuperarop «G o P ARI» | u
e pari - pari - C-6ubnmmoreka PARI.

HaHpHMep, caenyronmme aBe CTPOYKHU BBIMMOJIHAIOT OJHY WM TY 2K€ OIlepanuio. Ounu BBITVIAAAT UACHTUYIHO, HO
BBIBO/J, Ha CaMOM Jejie OTJINYaeTCA, a 3a KYJIUCaAMHU IIPOUCXOIAT COBCEM Da3HBbIE BEIIH.

sage: gp('znprimroot (10007)"')
Mod (5, 10007)

sage: pari('znprimroot(10007)')
Mod (5, 10007)

B mepBom craydae ornenpbHas Komwust wuHTepnperaropa GP  3amyckaercs Kak cepBep, W CTPOKa
'znprimroot (10007) ' ormpaBysieTcs B HEro, Bhramcisercs ¢ momombio GP, m pesymprar 3amuceiBaercs
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B uepemennyio B GP (koropasi 3anumaer upocrpancrso B namsru npouecca GP u ne Gyuer ocsoboxe-
ua). [Toce 3TOro 3HaYeHNe MEPEMEHHON BHIBOJUTCS Ha 9KpaH. Bo BTOPOM Cilydae OTAeIbHas TpOrpaMMa He
3AIyCKAETCsT, U CTpOKa 'znprimroot (10007)' Bbrumcisiercss kKoHkpeTHoi dyukimeir C-oubanoreku PARI.
Pesynprar coxpamstercst B heap-mamsaru Python’a, koTtopas ocBoboKmaeTcs mocje TOro, Kak MepeMeHHas
[IEPECTAET MCIOJIH30BATHCs. Y OOBEKTOB PA3HbBIH THIIL:

sage: type(gp('znprimroot (10007)'))
<class 'sage.interfaces.gp.GpElement'>
sage: type(pari('znprimroot(10007) "))
<class 'cypari2.gen.Gen'>

Tax kakoii ke crmocod UCIoIb30BaTH? JTO 3ABUCUT OT TOTO, YTO BbI jgenaere. Uarepdeiic GP moxer genarn
BCe, 9TO MOXKeT aesarhb mporpamMma GP/PARI, 3amyckaemas n3 KOMaHHOI CTPOKH, TIOTOMY KaK OH 3allyCKaer
3Ty mporpaMmmy. Bel Moxkere 3arpy3uth cioxkayo mporpammy PARI u 3amycrurs ee. C apyroit cTopoHbi,
unrepdeiic PARI (uepes C-6ubsnuoreky) umeer Hamuoro 6odibiie orpanudenuii. Bo-niepsbix, He Bce QyHKIuu
B Heil peasm30Banbl. BO-BTOPBIX, MHOI'O KO/a, HAIPUMED, YUCIEHHOE MHTErpupoBaHue, He Oyzer paborarb
uepes unarepdeiic PARIL Marepitec PARI MoxkeT ObITH HAMHOTO OBICTPEE W TIOHATHEE, YeM cpasHennio ¢ GP.

(Ecnm y unrepdeiica GP 3aKoHYMTCs TAMATDH TIPU BHIYUCJIEHUY JAHHON CTPOKH, OH ABTOMATUIECKHU U O€3 TIpe-
JIYTIPEXKIEHUS yIOBUT Pa3MeP CTEKA U MonpodyeT Beraucenue emne pa3. Ilosromy BaIu BeIYUCIEHUS BCETIA
Oy/1yT TPOM3BEIEHBI KOPPEKTHO, €CJIA BbI IIPABUJIBHO PACIUTAETE PazMep HeOOXOIUMON maMaTH. ITOT yIA00-
HBI TPIOK HE BXOAMT B apceHas mpocroro uarepuperaropa GP. Ornocuresbuo unrepdeiica C-6ubanoreku
PARI: on cpa3y komupyer KaxkIblil co3maHubii 00bekT n3 creka PARI, mosToMy cTeK HUKOTIA HE PACTET.
OpHako, KaxK bt 00BEKT HE TOJIXKEH MPEeBhIMATh pa3dmepa B 100 merabaiiT, uin cTek OyIeT MEepernoJHEeH pH
cozanuu o0bekTa. JIonoHuTeIbHOE KONMPOBAHIE HEMHOIO BJIUET Ha OOIILYIO0 IIPOU3BOIUTENHHOCTD. )

Sage ucnonpzyer C-6mbamoreky PARI, urobbl nommepKuBarh (DyHKIMOHAIBHOCTD, CXOXKYIO ¢ HHTEPIIPeTa-
ropom GP/PARI, Ho BK/IIOUast pa3/iMuHbIe CJOKHbBIE OLEPalMK 10 pabore ¢ LHAMATHIO U #3bIK [IPOIPAMMHU-
posanust Python.

Cuauajta, co3gaaum crucok PARI u3 crmcka Python.

sage: v = pari([1,2,3,4,5])
sage: v

[1, 2, 3, 4, 5]

sage: type(v)

<class 'cypari2.gen.Gen'>

Kaxnprit oobekt PARI samasercs oobexktom tuma Gen. Tunm PARI moxer OBITH TOIYYEH C TOMOIIBIO
dbyHKIIH-1IeHa type.

sage: v.type()
't_VEC'

B PARI, 4To0bI cO31aTh 3JUIMIITUYECKYIO KPUBYIO, HY>KHO BBecTn e€llinit([1,2,3,4,5]). B Sage crnocob
CXOXK, TOMBKO €llinit — 370 MeTo/, KOTOPBIf MOXKeT OBbITh BhI3BaH s Jitoboro obbekta PARI, nanpumep
namra t_VEC v.

sage: e = v.ellinit()

sage: e.type()

't _VEC'

sage: pari(e)[:13]

[1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

Tenepb, KOTla y HaC €CTh O0OBEKT SJIIUITAYECKAS KpHuBasd, Mbl MOXKE€M BBLIYUCJIHUTH tITO—HI/I6y,ZLb.
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sage: e.elltors()

(1, 00, 01

sage: e.ellglobalred()

[10351, [1, -1, O, -11, 1, [11, 1; 941, 11, [[1, 5, O, 11, [1, 5, O, 11]1]
sage: f = e.ellchangecurve([1,-1,0,-1])

sage: f[:5]

[1, -1, 0, 4, 3]

4.2 GAP

Sage nocrasisiercss ¢ GAP 11 Bbraucyienuit B 00/1aCTH IUCKPETHON MaTeMaTUKU, B OCOOEHHOCTH, B TEOPUHU
TpyIIIL.

Bor npumep dynkmuu IdGroup u3z GAP, koropas ucnosibdyer 6a3y JaHHbIX HEOOJBIIUX I'PYII, KOTOPAs
JIOJIYKHA OBITH YCTAHOBJIEHA OTAE/IHBHO, KAK TOKA3AHO HUKE.

sage: G = gap('Group((1,2,3)(4,5), (3,4))")
sage: G

Group( [ (1,2,3)(4,5), (3,4) 1)

sage: G.Center()

Group( ) )

sage: G.IdGroup()

[ 120, 34 1]

sage: G.0Order()

120

MpbI MOKEeM TIPOBECTH T€ YK€ BBIUUCICHUs B Sage 6e3 mpsMoro Bbr3oBa narepdeiica GAP ciemyromum obpa-
30M:

sage: G = PermutationGroup([[(1,2,3),(4,5)],[(3,4)]1]1)

sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,5)])
sage: G.group_id()

[120, 34]
sage: n = G.order(); n
120

Hekorobie dynknuu cucrembr GAP 1ocTynHBI TOTBKO TOCTE WHCTAIANUA JOMOJHATEILHOTO MAKeTa Sage.
OH MOxKeT ObITh YCTAHOBJIEH KOMAHIOM:

sage -1 gap_packages
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4.3 Singular

Singular npemocraBiser MACCUBHYIO U MPOLyMaHHYI0 6ubsmorexy mjisi 6asuca ['péOHepa, HAXOKIEHUS HAW-
OOJIBIIIErO ODIMEro AEeUTENs MOJUHOMOB, 0a3mca IPOCTPAHCTB ILIOCKHX KpuBbiX Pumana-Poxa m daxro-
pHU3AIMK, HAPSAY € APYruMu BemaMu. Mbl mokaykeMm npumep (haKTOPHU3AINN TOJIHHOMOB C HECKOJIbKUMHU
nepeMeHHbIMU, UCHOJIb3ys uarepdeiic Singular B8 Sage (ue BBOIMTE . . . . :):

sage: R1 = singular.ring(0, '(x,y)', 'dp')
sage: R1

polynomial ring, over a field, global ordering
// coefficients: QQ

//  number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

sage: T = singular('9*y~8 - O9*x~2%y~7 - 18*x"3*y~6 - 18*x~5*xy~6 +'
o '9%x~6*y~4 + 18xx"Txy~5 + 36xx78*y~4 + 9xx~10*y~4 - 18*x~11xy~2 -'
o 'Oxx~12%y~3 - 18%x~13%y~2 + 9*x~16')

Teneps KoOrma Mbl onpenenuan f, Mbl BHIBOAUM HA 9KPAH U (DaKTOPU3yeM.

sage: f
O*x716-18%x"13*%y~2-9%x~ 12y~ 3+9*x~10%y~4-18*x"11*y~2+36*x " 8%y 4+18*x~7*y~5-18*x~5*y~
—6+9%x76xy~4-18*x" 3%y 6-9*x" 2%y~ 7T+9%y "8

sage: f.parent()

Singular

sage: F = f.factorize(); F

[1]:
_[11=9
_[2]=x"6-2*%x"3*y~2-x"2%y~3+y~4
_[3]=-x"5+y"2

[2]:
1,1,2

sage: F[1][2]
X"6-2%x"3*%y"2-x"2%y"3+y"4

Kak u na mpumepe GAP B GAP, Mbl MOXKeM COBEPINNUTH NAHHYIO (haKTOPU3ANUIO 0Oe3 MPAMOT0 yKa3aHUs
unrepdeiica Sage (ogHako 3a Kyaucamu Sage Bce paBHO ucnosb3yercs unrepdeiic Singular). He sBomure

sage: x, y = QQ['x, y']l.gens(Q)

sage: £ = (9%y~8 - 9*x~2%y~7 - 18%x~3%y~6 - 18*x~b*y~6 + 9*x"6*y~4

o + 18*x~T7*y~5 + 36*x78*y~4 + 9*x~10*y~4 - 18*x"11*xy~2 - O*x~12%y~3
St - 18%x~13xy~2 + 9*x~16)

sage: factor(f)

(9) * (-x"5 + y72)72 * (x"6 - 2*xx"3xy~2 - x"2%y~3 + y~4)
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4.4 Maxima

Maxima BkioueHa B Sage, Tak ke Kak peanusanus Jlucna. Ilaker gnuplot (koropsiii Maxima ucnosnb3yer
1O YMOJIYAHUIO JJisi IOCTPOeHUs: rpadUKOB) PaCIPOCTPAHAETCA KaK JOINOJHHUTEbHbI naker Sage. Kpome
ocrasbubIX Bemleil, Maxima mo3Bosisier npou3BoAuTh CUMBOIMYecKre Manunyisainuu. Maxima moxker uxTe-
rpupoBarh u AuMdEPEHINPOBATh (DYHKIMH CHMBOJHYECKH, PEMIATh OOBIKHOBEHHBIE MuddepeHInaIbHbIe
ypaBHeHUs 1ro mopsiaka, OOBIMYI0 YaCTh JMHEHHBIX OOBIKHOBEHHBIX AudhdEepeHnnaabHbIX YPABHEHUN 2r0
MOPSIIKA, WCIIOJIH30BAThH MPeobpa3oBanus Jlanjaaca Kak METO IS PEIeHNs JIMHEHHBIX O0OBIKHOBEHHBIX Aud-
depeHnraIbHBIX YpaBHEHHI 000r0 mopsiaka. Maxima Tak»Ke «3HaeT» O OOJbIIOM HabOpe CHeInaIbHBIX
dbyHKIMiT, ¥MeeT BO3MOXKHOCTDb CTPOUTh rpaduku npu moMoru gnuplot, umeer MeToabl PEIeHns 1 MAHUILY-
Jsiuuy Marpuuamu (K upumepy, meroy [aycca, nHaxox/ienue cOOCTBEHHBIX 3HAYEHUN U BEKTOPOB), & TaKXKe
YMEET PeriaTh MOJTHHOMBI.

MpbI npousocTpupyeM pabory Sage/Maxima ¢ HOMOIIBIO MATPHUIIbI, 3HAYEHHUS 4, j KOTOPOH SABJISAIOTCH §/7,
ang i, 7 =1,...,4.

sage: f = maxima.eval('ij_entry[i,j] := 1i/j")

sage: A = maxima('genmatrix(ij_entry,4,4)'); A
matrix([1,1/2,1/3,1/4]1,[2,1,2/3,1/2]1,13,3/2,1,3/4]1,[4,2,4/3,11)
sage: A.determinant()

0

sage: A.echelon()
matrix([1,1/2,1/3,1/4]1,[0,0,0,01,[0,0,0,0],[0,0,0,01)

sage: A.eigenvalues()

[f0,41,[3,1]1]

sage: A.eigenvectors()
(C[o,4],(3,11]1,CC[t,0,0,-4]1,[0,1,0,-2]1,[0,0,1,-4/31],[[1,2,3,4]11]]

Bor apyroit nmpumep:

sage: A = maxima("matrix ([1, O, 0], [1, -1, 0], [1, 3, -21)")

sage: eighA = A.eigenvectors()

sage: V = VectorSpace(QQ,3)

sage: eigA

rce-2,-1,11,r11,1,111,CC[0,0,11]1,[[0,1,31],[[1,1/2,5/6111]

sage: vl = V(sage_eval(repr(eigA[1]1[0][0]))); lambdal = eigA[0][0][0]
sage: v2 = V(sage_eval(repr(eigA[1]1[11[0]1))); lambda2 = eigA[0][0][1]
sage: v3 = V(sage_eval(repr(eigA[1]1[2]1[0]))); lambda3 = eigA[0][0][2]

sage: M = MatrixSpace(QQ,3,3)
sage: AA = M([[1,0,0],[1, - 1,0],[1,3, - 211)
sage: bl = vl.base_ring()
sage: AA*vl == bl(lambdal)x*vil
True

sage: b2 = v2.base_ring()
sage: AA*v2 == b2(lambdal)*v2
True

sage: b3 = v3.base_ring()
sage: AA*v3 == b3(lambda3)*v3
True

Hakomner, mbr mokaxkem, Kak crpouthb rpaduku cpeacrsavmu openmath. Muorue npumepsr gBIsiOTCS MOIU-
GUIMPOBAHHBIMU TTPUMEPAMHU U3 PYKOBOACTBA K Maxima.

2-mepubie rpadbuku HeCKOJIbKUX (MYHKIWH (HE BBOAUTE . . . . :):
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sage: maxima.plot2d(' [cos(7*x),cos(23%x)~4,sin(13*x)~3]"',"'[x,0,1]1"', # not tested
celat ' [plot_format,openmath] ')

«2KuBoit» TpexmepHbiil rpaduK, KOTOPbIH Bbl MOXKETE BpallaTh MBIIIKOH (He BBOAUTE . . .. :):

sage: maxima.plot3d ("2°(-u~2 + v~2)", "[u, -3, 31", "[v, -2, 2]", # not tested
celat ' [plot_format, openmath]')

sage: maxima.plot3d("atan(-x~2 + y~3/4)", "[x, -4, 41", "Ly, -4, 41", # not tested
R "[grid, 50, 50]",'[plot_format, openmath]')

Caenyromuit rpaduk — 310 3namenuras Jlenra Mébuyca (ne BBogute . ... :):

sage: maxima.plot3d("[cos(x)*(3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)]", #,
—not tested

"[x, -4, 41", "Ly, -4, 41",

ceeas ' [plot_format, openmath]')

Canenyromuit rpaduk — 310 3HamMenutas Byrouika Kieiina (He sBoguTe . . . . :):

sage: maxima("expr_1: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
5xcos (x)*(sin(x/2)*sin(2*y)+cos(x/2)*cos(y)+3.0)-10.0

sage: maxima("expr_2: -b*sin(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")
-6*sin(x)*(sin(x/2)*sin(2xy)+cos(x/2)*cos(y)+3.0)

sage: maxima("expr_3: 5*(-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")

5x (cos (x/2) *sin(2*y) -sin(x/2) *cos(y))

sage: maxima.plot3d ("[expr_1, expr_2, expr_31", "[x, -%pi, %pil", # not tested
"ly, -%pi, %pil", "['grid, 40, 401",

celat ' [plot_format, openmath]')
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[haBa 5

[lporpammMmupoBatue

5.1 3arpys3ka n npukpennenue daiinos Sage

Crenymolee TOKA3bIBAET, KAK MOAIPYZKATh MPOTPAMMBI B Sage, 3amucaHHbe B OTae bbbl (daiin. Co3mgaiite
daiin example.sage €O CJIEIYIONIUM COJIEPIKAHUEM:

print("Hello World")
print(2°3)

Brr mozxere IPOYUTATH U BBIIIOJTHUTH example. sage C MOMOMIbIO KOMaHIbI load.

sage: load("example.sage")
Hello World
8

Bor Takzke Moxkere mpukpenuTh (aiis Sage K 3amyIeHHol cecChur B TIOMOIIBI0 KOMAaH/bl attach:

sage: attach("example.sage")
Hello World
8

Teneps ecn BBl n3MeHuTe (haiia example.sage W BBeJETE MyCTYIO CTPOKY B Sage (T.e. HAKMHUTe return),
TO cojiep:KuMoe example.sage OyJIeT aBTOMATUYECKN TIEPErpy:KeHo B Sage.

B wacrrOCTH, attach aBTOMaTwdecku neperpyzkaer (daii, Kak TOJIHKO OH W3MEHEH, 9YTO OYeHb YA00HO IpHu
MOMCKe OIMuOOK B KOJE, TOrAa Kak load 3arpyzkaer (paiis JHIIh eIHHOXK IbI.

Korna example.sage 3arpyaercs B Sage, on nepesojaurcs B Python, a 3areM BBINONHSAETCH € IOMOIIBHIO
unaTepnperaropa Python. 3arparsr Ha JaHHYIO OMEPANN0 MUHUMAJIBHBL, B OCHOBHOM, 3TO BKJIIOYAET B CeOst
TIePeBoJ, IeJIbIX KOHCTAHT B Integer (), ApobHBIX KOHCTAHT B RealNumber (), 3aMeHy ~ Ha ** M, HAIPUMep,
R.2 ua R.gen(2). IlepeBenennas Bepcusi example.sage OyIeT COAEPKATHCA B TOH Ke JUPEKTOPUU, UTO
example.sage, 1101 Ha3BaHueM example.sage.py. Jdanusiii daiis 6ymer comepKaTh Cieayomui KOI;:
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print("Hello World")
print (Integer(2) **Integer(3))

Iesible KOHTCTAHTHI IEpeBEIEHbI U ~ 3ameneno Ha **. (B Python ~ osmawaer <«uckmouaromee MJIW» u *x*
03HAYAET «BO3BEJIEHUE B CTEIEHb>.)

Januble onepanyu BbIIOJIHSAIOTCH B sage/misc/interpreter.py.)

Bo1 nmeeTe BO3MOXKHOCTD BCTABJISITH MHOTOCTPOYHBIN KO C OTCTYIMAMU B Sage 10 TeX Mop, TIOKA eCTh HOBBIE
CTPOKH JIJIsi HOBBIX 0JIOKOB (3T0 Heobazarenbuo s daiios). OgHako, JydinuM cooco0OM [Ijisi BCTABKU
TAKOr'O KOJA sSIBJISETCS COXpaHeHne B (paiiyl M MCIOIb30BaHNE attach, KaK OMMCAHO BBIIIIE.

5.2 Co3pgaHue KOMMNUANPOBAHHOIO Koaa

CKopocTh — BaKHast COCTABJIAIONIAS B MATEMATHIECKUX BbluuceHusx. Xors Python sBisercs BBICOKOYypPOB-
HEBBIM SI3BIKOM TTPOrPAMMUPOBAHUS, HEKOTOPHIE BHIYUCICHUS MOTYT OBIThH BBITTOJHEHBI HA HECKOJIBKO TMOPSIJI-
kOB 6bicTpee B Python mpu mcnoa»30BaHuM CTATUYECKUX TUIIOB JAHHBIX TTPU KOMIUIMpOBaHuu. Hekoropbie
KOMTIOHEHTHI Sage ObLu ObI CIUITKOM MeJIeHHbIME, Oyab OH HamucaH neaukoMm Ha Python. /Ixs storo Sage
HOJJIEPXKUBAET KOMIIMJIMPOBAHHYIO «Bepcuto» Python, koropas nasbiBaerca Cython ([Cyt] u [Pyr]). Cython
oHOBpeMeHHO 1Tox0K 1 Ha Python, u wa C. Boabmmacrso koucrpykimit Python, Bkitouas npezgcrasienne
CITMCKOB, YCJIOBHBIE BBIPAXKEHWS, KO HAMOI00We +=, Da3pEIeHbl; Bbl TAKKE MOXKETe MMIOPTUPOBATH KOJI,
HAMUCAHHBIN B Ipyrux momynsx Python. Kpome Toro, Bel MOxkeTe OOBABIATH MPOU3BOJILHBIE TIEPEMEHHBIE
C u mampsamyro obpamarbes K oubauorekam C. Komeunsrit kom Oyzer ckoumBeprtupoBadn B C m obpaboran
kommungropom C.

Huist Toro, 4robbl co3narh KOMIMAMPYEMblil KoJ B Sage, oObssure (aiii ¢ pacumpenueM .spyx (Bmecro
.sage). Eciu BBl paboraere ¢ uarepdeiicoM KOMMAHIHON CTPOKH, Bbl MOYKETE MPUKDPEILIATh U 3arpy¥KaTh
KOMITUJIMPYEMbIH KOJ TOYHO TaK ¥Ke, KaK ¥ MHTEPIPETUPYeMblil (Ha JAHHBIA MOMEHT, IPUKPEIICHUE U 3a-
rpy3ka koza Ha Cython se nomuepxusaerca B unrepdeiice Notebook). Camo KOMIUIMPOBAHUE TPOUCXOIUT
«3a KyJInucaMu», He Tpedyst KaKux-au0o meiicTuit ¢ Bameit croponbl. KoMnuanposanHas OubIMOTEKa 00X
obbekToB cozepxkurcs B $HOME/ . sage/temp/hostname/pid/spyx. Dru daitibl OyayT yaajaeHbl IPU BBIXOIE
u3 Sage.

IIpe-mapcupoBka He mpumeHnsieTcs K spyx daittam. Hampumep 1/3 npesparurcs B 0 B Spyx daiiie BMECTO pa-
nroHAJILHOrO yucsa 1/3. Homyctum, foo - 910 dynkuus B bubnuoreke Sage. st TOro, 4To6bl UCIOIH30BATH
ee u3 spyx-daiina, umnoprupyiite sage.all u npumenunre sage.all.foo.

import sage.all
def foo(n):
return sage.all.factorial(n)

5.2.1 doctyn k dpyHkuyuam C u3 BHewHunx caiinos

Hocryn k dyskiusaym C u3 BaemHux *.c (ailyioB ocymiecrsisercs JoBoibHO mpocro. Cosmpaiire daiisbt
test.c u test.spyx B OJHOU AUPEKTOPUN CO CIEAYIOIMUM COJIEPIKAHUEM:

Kon na s3pike C: test.c

int add_one(int n) {
return n + 1;

}

Kon na s3pike Cython: test.spyx:
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cdef extern from "test.c":
int add_one(int n)

def test(n):
return add_one(n)

Brinosinure:

sage: attach("test.spyx")
Compiling (...)/test.spyx...
sage: test(10)

11

B tom ciyuae, ecnim moHamo0OWTCA AOMOTHUTEIbHAS OubOanoTeka foo i TOTO, 9TOOBI CKOMIIMINPOBATH
ko #Ha C, momyuenubiii u3 aiina Cython, mobasbre clib foo B mcrounumk Cython komga. Anamorudso,
ponosinnrenbubil C daitn bar moxker ObITH H0OABJIEH B KOMIMIAIUIO ¢ 00bsapiaenuem cfile bar.

5.3 CamocrosatensHble ckpuntbl Python/Sage

JIaHHBIH CAMOCTOSTENBHBIN CKPUNIT Sage PACKIAIBIBACT HA MHOXKUTETU MEJbIe YUCIA, TOTUHOMBL U T.1.:

#!/usr/bin/env sage

import sys
from sage.all import *

if len(sys.argv) != 2:
print("Usage: %s <n>" % sys.argv[0])
print ("Outputs the prime factorization of n.")
sys.exit (1)

print(factor(sage_eval(sys.argv[1])))

s Toro, 4ToObI MCHOJB30BaTh 3TOT cKpunt, SAGE_ROOT mosmken Obith B PATH. Eciu BbleonuncanHbIi
CKpHIIT Ha3bIBaeTcs factor, Caeayionee MOKA3bIBAET, KAK €r0 BBITOJTHUTD:

bash $ ./factor 2006
2 x 17 * 59

5.4 Twunbl gaHHbIX

Kaxkaprit o6bekr B Sage umeer onpejesentbiit tun. Python Britogaer B cebs GOMBINON CIEKTP BCTPOESHHBIX
THIIOB TOTJIA, Kak Oubmoreku Sage 100aBidioT ere 6osbiie. Berpoennbie Tunibl Janubix Python skirogaror
B ce0s1 CHMBOJIBLHBIE CTPOKH, CIIMCKH, KOPTEXKH, IEJbIe W IPOOHBIE YMCIa:

sage: s = "sage"; type(s)

<... 'str'>
sage: s = 'sage'; type(s) # Bbl moxeme ucnosbszoeamv OB0UHblE UAU OOUHADHbIE KABLIYKU
<... 'str'>

(continues on next page)
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sage: s = [1,2,3,4]; type(s)

<... 'list'>

sage: s = (1,2,3,4); type(s)
<... 'tuple'>

sage: s = int(2006); type(s)
<... 'int'>

sage: s = float(2006); type(s)
<... '"float'>

B cBoro ouepenn Sage mobaBiisier MHOTO JPYTUX THUIOB JAHHBIX, HATPUMED, BEKTOPHOE TIOJIE

sage: V = VectorSpace(QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type(V)

<class 'sage.modules.free_module.FreeModule_ambient_field_with_category'>

Tonbko ompeenennblie (DYHKIUA MOTYT ObITh TpuMeHeHbl K V. B Apyrux mMaremMarudeckKux TporpaMmax
GbyHKIMY BBI3BIBATUCH ObI B «(dyHKInonaabHoMy Buze: foo(V,...). B Sage onpenenennbie dpyHKIuum npu-
Kpetuienbl K tuity (mim Kiaaccy) V i BbI3bIBAIOTCH ¢ HOMOLIBIO O0bEKTHO-OPUEHTUPOBAHHOIO CUHTAKCUCA, KAK
B Java mim C++, nanpumep, V.foo(...). DTO CrocOOCTBYET TOMY, ITO UMEHHAsT 0OJIACTH BUAUMOCTH HE 3a-
XJIAMJISETCS JECATKAMU ThICIY (DYHKITHUiT, 1 O3HAYAET, 9TO MHOTHE (DYHKITUU C PA3HBIM COIEPIKAHUEM MOTYT
ObITH Ha3BaHbI «f00» 0e3 MpoBepKu TUTIOB apryMeHTOB. Takxke, eciu Bor ucnosb3yere nms yHKITHH TTOBTOD-
HO, 9Ta (YHKIMs BCe PABHO JNOCTyNHA (Hanpumep, eciau Bbl BbI3biBaeTe 4TO-TO Haogobue zeta, a 3arem
XOTHTE BblYUCIUTH 3Hadenue pynkiuu Riemann-Zeta upu 0.5, Bol Mmoxkere nanesarars s=.5; s.zeta()).

sage: zeta = -1
sage: s=.5; s.zeta()
-1.46035450880959

B HEKOTOPHIX YACTO BCTPEUAIOIIUXCS CITY9asiX, OOBITHOE (DYHKITMOHAIHLHOE 0003HAUEHNE TAKIKE CIIOCOOCTBYET
y,ZLO6CTBy "3-3a TOTO, YTO MaTEMATUYIECCKUE BbIPpAZKEHUA MOTYT BBITJIAJETH 3allyTAaHHO MPU NCAOJIH30BaHUU
00bEKTHO-OPUEHTUPOBAHHOTO Ob03Hadenus. Hanpumep:

sage: n = 2; n.sqrt()
sqrt(2)

sage: sqrt(2)

sqrt(2)

sage: V = VectorSpace(QQ,2)
sage: V.basis()

[

(1, 0,
(0, 1

]

sage: basis(V)

[

(1, 0,
(0, 1

]

sage: M = MatrixSpace(GF(7), 2); M

Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,4]); A

[1 2]

(continues on next page)
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[3 4]

sage: A.charpoly('x')
X"2 + 2%x + 5

sage: charpoly(A, 'x'")
X"2 + 2%x + 5

st Toro, 9ToObI MEPEeYNCIuTh Bee WieHbl-DYHKIMU st A, Hamedaraiite A., a 3areM HAXKMUTE KHOIKY
[tab] ma Bameit knaBuarype, Kak onucaHo B paszaene OOpamusiii nouck 1 a8modonosHeHue

5.5 Cnuncku, KopTexxn n nocnenoBaTesibHOCTU

Twun JAHHBIX CIMIUCOK MOXKET XPAHUTH B cebe 3JeMeHTHI pasHbiX THmoB JaHubix. Kak B C, C++ u T.1., HO B
OTJIMYHUe OT JAPYTHUX AAredpanmvecKux CUCTEM, SJIEMEHTHI CIMCKA HAYMHAIOTCH ¢ mHAeKca (:

1

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]; v
[2, 3, 5, 'x', Symmetric group of order 3! as a permutation group]
sage: type(v)

<... 'list'>
sage: v[0]

2

sage: v[2]

5

Ilpu wHAEKCHPOBAHUHU CINCKA, TPUMEHEHNE WHIEKCOB, HE ABISIOMMUXCSA TeabiM dnciom Python, cpaboraer
HOPMAJIHHO.

sage: v = [1,2,3]

sage: v[2]

3

sage: n = 2 # uyenoe wucao Sage

sage: v[n] # pabomaem npaguabHO

3

sage: v[int(n)] # moxe pabomaem npasussro
3

Dyukuus range CO34a€T CHUCOK LEJbIX Yucest, ucnosub3yembix Python(ue Sage):

sage: list(range(1l, 15))
(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

D10 yu00HO, KOIJA JJjisd CO3/aHusl CIIUCKOB UCIIOJIb3YETCs B, CIUCKA:

sage: L = [factor(n) for n in range(l, 15)]

sage: L

[1, 2, 3, 272, 5, 2 % 3, 7, 273, 372, 2 % 5, 11, 2°2 %= 3, 13, 2 % 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(n)]

[1, 3, 5, 7, 372, 11, 13]
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Huist Gosbiuero nonumanus cuuckos cm. [PyT].

Pacmemnienne cnuckoB - 370 oueHb ya00HbIN nHCTpyMeHT. Jlomyctum L - 970 cnmcok, Toraa L[m:n] Beprer
MOJI-CITUCOK L, MoJIyueHHbIH, HAUMHAS C 3JIeMEHTA Ha IMO3UIMHU M U 3aKaHYMBAsl JIEMEHTOM Ha ITO3WUIINU
(n — 1), KaK MOKA3aHO HUKE.

sage: L = [factor(n) for n in range(1l, 20)]

sage: L[4:9]
[6, 2 x 3, 7, 273, 3°2]
sage: L[:4]

[1, 2, 3, 272]

sage: L[14:4]

(]

sage: L[14:]

[3 x5, 274, 17, 2 * 372, 19]

KOpTe)KI/I UMEIOT CXOACTBO CO CITUCKAMU, OJHAKO OHU HEM3MEHAEMbBI C MOMEHTA CO3JaHNA.

sage: v = (1,2,3,4); v

(1, 2, 3’ 4)
sage: type(v)
<... 'tuple'>

sage: v[1] =5
Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

TlocnemoBaTeTbHOCTH - 3TO TUI JTAHHBIX, CXOXKWI TO cBoWcTBaM co crnuckoM. [locmemoBarenbHOCTH Kak TUIT
JTaHHBIX He BCTpoeHbl B Python B oryimume ot crnuckoB u koprexeii. [lo ymosmdanuio, mocie0BaTeIbHOCTD
SABJISETCH W3MEHSIeMO, OJIHAKO WCIOJIb3ys MeTo] set_immutable u3 KJyacca Sequence, OHA MOXKET OBITH
Clie/IaHa HEM3MEHAEeMOM, KaK MIOKA3aHO B CjeayoneM npumepe. Bee 3/1eMeHThI 0C/1e/10BATETbHOCTH HMEIOT
0011ero poauTesis, UMEHYEMOr0 yHIUBEPCYMOM IIOCJIE0BATEIHOCTH.

sage: = Sequence([1,2,3,4/5])
sage:
[1, 2, 3, 4/5]

sage: type(v)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1])

<class 'sage.rings.rational.Rational'>

sage: v.universe()

Rational Field

sage: v.is_immutable()

False

sage: v.set_immutable()

sage: v[0] = 3

Traceback (most recent call last):

A%
\%

ValueError: object is immutable; please change a copy instead.

HOCHe,Z[OBaTeIIbHOCTI/I MOTYyT OBITH KCIIOJIE30BAHBI Be3e, rae MoryT OBITH KCIIOJIE30BAHBI CIIUCKH:

sage: v = Sequence([1,2,3,4/5])
sage: isinstance(v, list)

(continues on next page)
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True

sage: list(v)

[1, 2, 3, 4/5]
sage: type(list(v))
<... 'list'>

Bazuc misi BEKTOPHOTO TOJS SIBJISIETCST HEM3MEHSIEMOW MOCTIe0BATEIbHOCTHIO, TAK KAK OYEHb BAXKHO HE
U3MEHSTHh UX. DTO MOKA3AHO B CJIEIYIONIEM MPUMEPE:

sage: V = QQ~3; B = V.basis(); B

[

(1, 0, 0),
(0, 1, 0),
(0, 0, 1)
]

sage: type(B)

<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = BI[1]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: B.universe()
Vector space of dimension 3 over Rational Field

5.6 Cnosapwu

CuioBapp (Tak:Ke MMEHyeMblil aCCOLMATUBHBIM MACCHMBOM) - 9TO COIIOCTABJIEHHE ,X3UIUPYEMBIX OOBEKTOB
(KaK CTPOKM, YHMCsIa M KOPTEXH U3 HUX; CM. mokyMmenTarmio Python: http://docs.python.org/tut /node7.html
u http://docs.python.org/lib/typesmapping.html) npon3BoiabHBIM 0GbEKTaM.

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type(d)

<... 'dict'>

sage: list(d.keys())

[1, 'sage', Integer Ring]

sage: d['sage']

17

sage: d[ZZ]

Finite Field of size 7
sage: d[1]

5

Tpernit k1109 MOKA3BIBAET, 9TO WHIEKCHI CJA0BAPS MOTY OBITh CJIOKHBIME, KaK, HAIIPUMED, KOJIBIIO MEJIhIX
quceJl.

MozkHo IpPpEeBPATUTH BBIIIEOTTUCAHHBIH CJIOBApb B CIIMCOK C TE€M 2K€ COACPZKUMbBIM:

sage: list(d.items())
[(1, ), ('sage', 17), (Integer Ring, Finite Field of size 7)]

YacTo ucrmoanp3yeMoil TPaKTUKON ABISEeTCS MPOU3BEICHIE NTEPAIHil 0 MapaM B CJIOBape:
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sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items()]
[8, 27, 64]

Kak mokaszpIBaeT mocmeaHnil mpuMep, CI0BAPh HE YIOPII0YEH.

5.7 MHoxecTBa

B Python ecrb BCTpOeHHBIH THII MHOXKECTBO. [JIABHBIM IPEUMYIIECTBOM 3TOIO THUIIA SBJIAETCS OBICTPBIi
MPOCMOTP, TPOBEPKA TOTO, MPUHAJIEIKUT JIM FJIEMEHT MHOKECTBY, & TaK¥Ke OOBIUHBIE OMEPAINY W3 TEOPUU
MHOXKECTB.

sage: X = set([1,19,'a']); Y = set([1,1,1, 2/3])
sage: X # random sort order
{1, 19, 'a'}

sage: X == set(['a', 1, 1, 19])
True

sage: Y

{2/3, 1}

sage: 'a' in X

True

sage: 'a' in Y

False

sage: X.intersection(Y)

{1}

B Sage rak:ke umeercs CBOH THUIl JAHHBIX MHOYKECTBO, KOTODBIH (B HEKOTOPBIX CJIydasdx) OCYIIECTBJIEH C UC-
MOJIb30BAHUEM BCTPOEHHOTO THIA MHOXKecTBO Python, Ho BKIO9aeT B cebs PyHKITMOHATHHOCTD, CBA3AHHYIO
¢ Sage. Cozpmaiire muOXKecTBO Sage ¢ nomoripio Set (. ..). Hanpumep,

sage: X = Set([1,19,'a']); Y = Set([1,1,1, 2/3])
sage: X # random sort order

{'a', 1, 19}

sage: X == Set(['a', 1, 1, 19])
True

sage: Y

{1, 2/3}

sage: X.intersection(Y)

{1}

sage: print(latex(Y))

\left\{1, \frac{2}{3}\right\}
sage: Set(ZZ)

Set of elements of Integer Ring
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5.8 NTtepaTtopeobl

Wreparops! - 3T0 cpaBHUTENHHO HegaBHee mobasienne B Python, koTopoe siBisgeTcs O9eHb IOIe3HbIM B MAaTe-
MaTuYecKux npusokenunx. HeckosbKO IPUMEPOB UCIOIb30BAHKUS UTEPATOPOB IIPUBE/IEHDI HIKE; [101pobHee
cM. [PyT]. 3aech cosmaercst nreparop i KBAIPATOB HEOTPHIATEIBHBIX Yrces 10 10000000.

sage: v = (n”2 for n in range(10000000))
sage: next(v)

0
sage: next(v)
1
sage: next(v)
4

Crenyromuii mpuMep - CO3IaHHEe WTEPATOPOB W3 MPOCTHIX 4ucesl BuAa 4p + 1 ¢ mpoCThIM p W TPOCMOTD
HECKOJIbKWUX MEPBBIX 3HAYEHUIA:

sage: w = (4*%p + 1 for p in Primes() if is_prime(4*p+1))

sage: w # random output wa caedywuel cmpoke Oxb0853d6c moxem boimb Opyz2um,
—WECMHAOYAMUD UHHbIM HUCAOM

<generator object at 0xb0853d6c>

sage: next(w)

13
sage: next(w)
29
sage: next(w)
53

OHpe,ﬂ;eJ’[eHHbIe KOJIblla, KaK U KOHEYHbIC I10JId U IIeJible Y1Cjla, UMEIOT UTE€PATOPDbI:

sage: [x for x in GF(7)]

o, 1, 2, 3, 4, 5, 6]

sage: W = ((x,y) for x in ZZ for y in ZZ)
sage: next(W)

(0, 0)

sage: next(W)

(0, D

sage: next(W)

0, -1)

5.9 Uwuknbl, pyHKUUKN, ynpaBasilouime KOHCTPYKLNN U CPaBHEHUA

Mpbr1 y2ke BUze/M HECKOJBKO MPUMEPOB C UCIOJb30BanneM nukijoB for. B Python nukm for mmeer tabyniu-
POBAHHYIO CTPYKTYDPY:

>>> for i in range(5):
print (i)

N = O

(continues on next page)
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3
4

Bamerbre asoerodune Ha Kouue Bbipaxkenus(«do» uim «od», kak GAP wiu Maple, He ucuosb3yorcs), a
OTCTYTIBI TIEPEJT «TEJIOM» IIMKJA, B YaCTHOCTH, mepen print(i). DTm orcrymbl BaxkHbL. B Sage orcTymbr
CTaBATCS aBTOMATUYECKN MPH HAYKATUU enter Iocje «:», KaK IMOKa3aHO HUIKE.

sage: for i in range(5):
celat print (i) # waxmume Enter Oeaadel

CuMBOJT = uCmoIb3yercs s npucBauBanusa. CUMBOI == UCIOJIB3YETCs [T IPOBEPKY PABEHCTBA:

sage: for i in range(15):
if ged(i,15) == 1:
ceelt print (i)

NweiiTe B By, Kak TaOy/isiiust OMpeaesser CTPYKTypy OJIOKOB Iy oneparopos if, for u while:

sage: def legendre(a,p):

Lol is_sqr_modp=-1

R for i in range(p):

Lo if a % p==1"2 % p:
o is_sqr_modp=1
o return is_sqr_modp

sage: legendre(2,7)
1

sage: legendre(3,7)
-1

Komneuno, 310 we sddexTunnas peanusanus cumBosa Jlexamapa! JIauHbIi TpuMep CIYKUT JIWITH WJLITIO-
cTparpeli pa3HbIX aclekToB mporpaMmuposanus B Python/Sage. @ynkius {kronecker}, Bcrpoennas B Sage,
TTOACYUTHIBAET CUMBOJI JIexKamapa 3¢hpdeKTUBHO ¢ ucnoab3oBanaueM 6ubanorek C, B 9aCTHOCTH, € MUCIOIH30-
Baunuem PARI.

CpaBaenust ==, 1=, <= >= > < MEXKJy YUCJIAMH aBTOMATHYECKHU [EPEBOAAT 00a YICHA B ONMHAKOBBIN THUIL:

sage: 2 < 3.1; 3.1 <=1
True

(continues on next page)
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False
sage: 2/3 < 3/2; 3/2 < 3/1
True
True

Wcnonw3yiiTe mepemennbie bool [y CHMBOJIBHBIX HEPABEHCTE:

sage: x < x + 1

x<x+1
sage: bool(x < x + 1)
True

Ilpu cpaBHeHME 0OBEKTOB PA3HOrO TUIA B OOJIBIIUHCTBE CJIyYaeB Sage MOMbITAETCS HAWTH KAHOHUYECKOEe
npuBeienne 0boux K oomemy pomurenio. Ilpu ycrnexe, cpaBHEHHE BBIIOJTHIETCS MEXK/Y IIPUBEIEHHBIMUA 00b-
€KTaMU; eCJIA HET, TO O0BEKTHI OYAyT pACIleHEHB! KaK HEPABHbBIE. /11T MPOBEPKY PABEHCTBA IBYX MEPEMEHHBIX
ucnonb3yire is. Hampumep:

sage: 1 is 2/2

False

sage: 1 is 1
False

sage: 1 == 2/2
True

B crenxyromux aByX CTpOKax mepBoe HEPABEHCTBO maeT False, Tak Kak HET KAHOHWIECKOrO Mopduszma Q —
F5, mostoMy He CyIiecTByeT KaHOHUYIECKOro cpaBueHus Mexay 1 B Fs mw 1 € Q. Oxgnako, cyrmecTByer
KaHoHu4eckoe npupenenne Z — Fy, mostomy BTOpoe BhIpazkenue naer True. 3aMerTbre, MOPSAJIOK HE MMEET
3HAYEHUS.

sage: GF(5) (1) == QQ(1); QQ(1) == GF(5) (1)
False

False

sage: GF(5) (1) == ZZ(1); ZZ(1) == GF(5) (1)
True

True

sage: ZZ(1) == QQ(1)

True

BHUMAHUE: Cpasnenne B Sage npoBojurcs Oojiee )kéctko, dem B Magma, koropas obbssisier 1 € Fy
paBHBIM 1 € Q.

sage: magma('GF(5)!1 eq Rationals()!1") # optional - magma
true
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5.10 lMpodcdunuposaHune

Asrop pasgena: Martin Albrecht (malb@informatik.uni-bremen.de)
«IIpexxeBpeMenHass ONTUMHU3AINSA - 9TO KOPEeHb Bcero 31a.» - Jouanpa Kayt

YacTo OYeHb TMOJIE3HO MPOBEPATH KO Ha CJa0Bble MECTa, MOHWMATh, KAKWe YACTH OTHUMAIOT HAMOOJILIIee
BpeMs HA BBIYUCJIEHWST; TAKUM 00Pa30M MOXKHO y3HATh, KAKWE YACTH KOJa HAJA0 ONTUMU3NpOBaTh. Python u
Sage npenocTaBsieT HECKOJIBKO BO3MOXKHOCTEH Jjisi MpodUIMpoBanus (Tak Ha3bIBAETCsI 9TOT MPOILECC).

Campblit Jierkuil myTh - 9TO UCHOIL30BaHKE KOMaHIbl prun. OHa BO3BpaIaer KPATKyo WHMOPMAIUIO O TOM,
KaKoOe BpeMsd OTHHUMAaeT Kaxkaasa pyukuus. Jlanee ciaegyer mpumMep yMHOXKEHHUS MATPUI] U3 KOHEYHBIX I1OJIeil:

GF(2%*8, 'a').objgen()

sage: k,a =
= Matrix(k,10,10, [k.random_element() for

sage: A in range(10%10)1)

sage: Jprun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno(function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__)

1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(__mul__)
1903 0.120 0.000 0.200 0.000 finite_field_element.py:47(__init__)
1900 0.090 0.000 0.220 0.000 finite_field_element.py:376(__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add__)

1 0.070 0.070 1.100 1.100 matrix.py:864(__mul__)
2105 0.070 0.000 0.070 0.000 matrix.py:282(ncols)

B nannom npumepe ncalls - 3T0 KOJIWYECTBO BbI30BOB, tottime - 3T0 obiree Bpemsi, 3aTpadeHHOe HA OIIpeie-
JieHHY10 (BYHKUMIO (33 UCKJIIOYEHMEM BPEMEHU BbI30BOB CyO-dyHkuuii), percall - 310 orHOLIEHHE tottime
Kk ncalls. cumtime - 310 00IEe BpeMsi, TOTPAYEHHOE B ITOM U BCeX CyO-pyHKINSIX, percall - 3TO OTHOIIE-
HUe cumtime K YUC/Iy MPUMUTHBHBIX BBI30BOB, filename:lineno(function) mpemocraBisier nHMOPMAIUIO
o kax 0l byukmuu. Yem Boime pyHKIMS HAXOAUTCSA B 9TOM CIUCKE, TeM OOJIbIle BpEMEHU OHA OTHUMAET.

prun? MOKAaXKeT [eTaju O TOM, KaK WCIOJIb30BATH KOMAHIy HPOMUIMPOBAHUS U INOHUMATH PE3YJIbTAT €e
UCIIOJIb30BAHULA.

IIpodunupyromas nadopManys MOXKET OBITH BIUCAHA B OOBEKT i 00Jee moapoOHOTO W3y YeHNUS:

sage: Jprun -r AxA
sage: stats =
sage: stats?

Samerka: BBOJ stats = prun -r A\*A 0TOOpPA3UT CHHTAKCHYECKYIO OHIUOKY, TAK KAK Prun - 9T0 KOMAaHJA
obosouku IPython, a e obbranasa yHkms.

s rpadugeckoro orobparkenusi mpodunaupyoieii uadopmanun, Bei moxkere wucmosp3oBars hotshot -
HeGOIBINON CKpUNT, Ha3BaHHBI hotshot2cachetree u mporpammy kcachegrind (ronpko B Unix). Tor xe
MIPUMEpP C MCIOJb30BaHKeM hotshot:

GF(2#*8, 'a').objgen()

sage: k,a =
A = Matrix(k,10,10, [k.random_element() for

sage: in range(10%10)1)

(continues on next page)
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(npomoszKeHUe ¢ mpeaBLAyIell CTPAHMUIIE )

sage: import hotshot
sage: filename = "pythongrind.prof"
sage: prof = hotshot.Profile(filename, lineevents=1)

sage: prof.run("A*A")
<hotshot.Profile instance at Ox414cllec>
sage: prof.close()

Pesynbrar 6ymer momertien B daiin pythongrind. prof B Tekymieit paboueit gupekropun. s Bu3yanan3annu
sTa nadOpMaIHs MOKET ObITh TIepeBeeHa B (popmar cachegrind.

B cucremnoii o6on04uke BBEIUTE

hotshot2calltree -o cachegrind.out.42 pythongrind.prof

Beixonnoit daiin cachegrind.out.42 Tenepb MOXKeT OBITh POAHAJIM3UPOBAH C IOMOIIBIO kcachegrind.
3amerbre, uTo Ob03HaYeHne cachegrind.out.XX J0MKHO OBITH CODIIOIEHO.
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[haBa 6

cnonbsosaHune SageTeX

Berpoennstit B Sage naker SageTeX mo3Bosisier BHEAPITH PE3yIbTAThI Bhraucaennii B Jokyment Tuna LaTeX.
st TOr0o, ITOOBI NCITOIB30BATH JAHHBIHM MTAKET, MTOHAI00UTCA «YCTAHOBUTHL» €ro B JIOKAJIbHYIO cucremy TeX
(oz, «yCTaHOBKOI» LOApa3yMeBaeTcs KonupoBanue ounoro ¢aitna). Cm. Yemanoska, a rakxke pasaes «Make
SageTeX known to TeX» Pykososcrsa 1o yeranoske Sage (janias CChLIKa BEJET K JIOKAJIbHOMY PA3MEIIEHUIO
KOIIUYU PYKOBOJICTBA MO yCTAHOBKE).

B arom ypoke mokazan uebosbInoit npumep ucnonb3loBanus SageTeX. ITonnas ToKyMeHTAIMsS HAXOAUTCS B
SAGE_RO0T/venv/share/texmf/tex/latex/sagetex, rae SAGE_ROOT - 310 nupekTopus, B KOTOPOii yCTAHOB-
JieH Sage. DTa IalKa COAEPKUT JIOKyMeHTauio, daili ¢ npuMepom u noJiesubie ckpuntel Python.

Juia nagasa paborer ¢ SageTeX ciemayiiTe ykazanusam mo ycTaHoBKe (B Vemano6ka) U BCTABHTE CJIEIY OIS
TeKCT B (aiij HA3BAHHBINA, CKaYKeM, st_example.tex:

Ilpenynpexaenme: Hukecnemyronmit TeKCT MOXKET COAEPKATH HECKOJBKO cO0bIeHnit 06 ommnoKax,
CBSI3aHHBIX C HEU3BECTHBIMU YTPABJISAIOMINME TOCIEI0BATETHLHOCTIMI, €CIH BbI MCMOIb3yeTe WHTEPAK-
TUBHYIO OMOIIH. OTKPO#TE CTATHIECKYIO BEPCUIO, YTOOBI YBUIETH MPABUIbHbBIN TEKCT.

\documentclass{article}
\usepackage{sagetex}

\begin{document}

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are

$\sage{number_of _partitions(1269)}$ integer partitions of $1269%.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:

\begin{sageblock}

(continues on next page)
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(npomoszKeHUe ¢ mpeaBLAyIell CTPAHMUIIE )

f(x) = exp(x) * sin(2*x)
\end{sageblock}

The second derivative of $f$ is

\[
\frac{\mathrm{d}~{2}}{\mathrm{d}x~{2}} \sage{f(x)} =
\sage{diff(f, x, 2) (x)}.

\]

Here's a plot of $f$ from $-1$ to $1$:

\sageplot{plot(f, -1, 1)}

\end{document}

Bamycrure LaTeX mis st_example.tex. 3amernre, uro LaTeX Oymer KajoBaThCs HA HEKOTOPBIE BEINH,
KaK-TO:

Package sagetex Warning: Graphics file sage-plots-for-st _example.tex/plot-0.eps on page 1 does
not exist. Plot command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or plots. Run Sage on
st _example.sage, and then run LaTeX on st_example.tex again.

Cpenu daitnos, cremepupoBannbix mocie 3amycka LaTeX, ecrb daiini st_example.sage, gBigronuiics
ckpunrom Sage. Cooblenue, MOKa3aHHOE BbILIE, IPEJIATATIO 3AIyCTUTh st_example.sage, [0ITOMY CTO-
UT TaK W ¢Iejarh. 3areMm Oymer npemioxkeHo 3amyctuth LaTeX mist st_example.tex erme pas; mepei STUM
Oymer cozgan daita st_example.sout. IToT (ailyr COmEPKUT PE3yAbTATHI BHIYUCICHNIT B Sage B dhopmare,
ymoorom mis LaTeX. Hosas namnka, cogepskainas EPS-daiin ¢ rpadukom, Takke OyaeT co3JaHa aBTOMATH-
gecku. 3amycrure LaTeX eme pas: Bce, 9T0 ObLIO BBIYHCICHO B Sage, Teneph BKJIIOYEHO B Balll 10KyMeHT.

Tlepeuncanm maru:
e sanycrure LaTeX nana .tex daiira;
e 3amycrure Sage /sl CPeHEPUPOBAHHOTO .sage (ailna;
¢ sanycrure LaTeX ere pas.

HyHKT C 3amyCKOM Sage MOZKHO TPOMYCTUTH, €CJIN HUKaKNe U3MEHEHUdA He 6bIJII/I NIPpUMEHEHbI K KOMaHIaM
Sage B mOKyMeHTeE.

SageTeX mpeanaraeT MHOrO BO3MOXKHOCTel, n Tak Kak Sage u LaTeX sBIMIOTCS MOIIHBIME HHCTPYMEHTAMH,
to crout u3yuutb SAGE_RO0T/venv/share/texmf/tex/latex/sagetex.
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[haBa 7

[Tocnecnosue

7.1 Touyemy Python?

7.1.1 TMNpenmywectBa Python

OcHoBHOIT 5#13bIK peasu3anuu Sage — 1o Python (cm. [Py]), oaquaxo ko, koropsiit goszken o6pabarbiBarbest
OBICTPO, HATTMCAH HA KOMITHIpYyeMoM s3bike. Y Python ecth psam mpemmymecTs:

CoxpaneHune 06beKTOB MUPOKO ucmonb3yerca B Python. B Python mpucyrcryer mommep:xka co-
xpaHenus (104YTH) JIOOBIX OOBEKTOB HA JAUCK WU B 0a3y JAHHBIX.

SamedarenbHas MOMJEPKKA JOKYMeHTANNU (DyHKIUHA U [MAKETOB B HCXOAHOM KOJE, BKJIIOYAs AB-
TOMATUYECKHUIl JOCTYIl K JOKYMEHTAIMH U ABTOMATHYECKOE TECTUPOBAHUE BCEX LpumMepoB. IIpumepnt
MPOBEPSAIOTCS ABTOMATUYIECKH HA PETYJISPHON OCHOBE UM WX TMPABUIbHAS PAOOTOCIOCOOHOCTH TapaHTU-
poBaHa.

VYupaBjenne nmaMgaTbio: Python mmeer mpomyMaHHBIM W CTAOMIBHBIN MEHEIXKED MaMATH U COOp-
UK MYCOPA, KOTOPBIE MCIPABHO PAOOTAIOT C MUKJIUIECKUMU CCBUIKAMU ¥ IO3BOJISIOT HCIOJb30BATDH
JIOKAJIbHBIE TIepeMeHHbIe B (baiiiax.

Python nmeer MmHO>KecTBO maKeTOB, JOCTYITHBIX Y2Ke CEHYacC, KOTOPhIE MOT'YT ObITh HHTEPECHBI TOJIh-
30BaTENIAM Sage: YMCJICHHBIN aHau3 u juHeiinas aarebpa, 2D u 3D Busyasmsanus, cetb (aJ1d pacupe-
JIQJIEHHBIX BBIYUCJIEHUl 1 CEPBEPOB, HAIIPUMED C HOMOIIBIO twisted), noxaepkka 6a3 JaHHBIX U T.11.

IlopTupyemoctn: Python ¢ jrerkocrbio KoMmuaupyercs Ha, O0JbIMHUHCTBE IIaT(GOPM B CIMTAHHBIE
MUHYTHI.

Pabora ¢ mckiarouennsivmu: Python comep:XuT CIOKHBIN U MPOLYMAHHBIA MeXaHU3M PabOTHI C HC-
KJTIOYEHUSIME, OJ1aromaps IeMy MPOrpaMMbl IPOIOIKAIOT PAbOTATh azKe MPHU BO3HUKHOBEHUH OITHOOK
B BBI3BIBAEMOM HMU KOJE.

Ominagunmk: Python Briouaer B cebst OT/Ia UMK, TAK YTO KOTJA TTPOrPAMMa He PAbOTAET M0 KAKOH-TO
MPUYAHE, MOIH30BATEb MOXKET MOJIYIUTh JOCTYN K MCTOPUU CTEKA, MPOBEPUTH COCTOSHYE HEOOXOIM-
MBIX TIEPEMEHHBIX, MEPEMEIATHCS MO CTEKY.
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IIpodunupoBimuk: cymecrsyer npoduaupoiuk Python, koTopsril 3amyckaer Ko u CO3/1aeT OTIeT
M0 KOJIMYECTBY BHI3OBOB M BpPEMEHM PAOOTHI KAXKIOH (DYHKITUHN.

HA3bik: BmecTo TOro, 9ro0bl MHUcaTh HOBBIA S3BIK JJI MAaTEMATUKH, KaK 3TO OBLIO CHAEIaHO s
Magma, Maple, Mathematica, Matlab, GP/PARI, GAP, Macaulay 2, Simath, u 7.1., Mbl ucnonb3yem
s136IK Python, KOTOpPbIi SBISETCS NOMYISAPHBIM A3bIKOM POrPAMMUPOBAHNUS; OH AKTHBHO PA3BUBAETCS
W ONITUMU3WPYETCST COTHSIMU OTBITHBIX CIEIMAINCTOR TI0 TIPorpaMMHOMY obecrieuennio (cM. [PyDev]).

7.1.2 Mpe-napcep: Paznun4usa mexay Sage n Python

B mekoTopsix maremarmyeckux acmekrax Python moxker BBecTu B 3a0/1y:KaeHue, OITOMY Sage Bemer cedst
HEMHOTO JPYTHM 00Pa30M.

O6o3HaueHne BO3BeJieHUs B CTEMEeHb: ** BmecTto ~. B Python, ~ o3Hawaer «MCKIIOYATETBHO WIH
(xor)», a He BO3BEJEHNE B CTEMEHb, Tak B Python:

>>> 278
10

>>> 372
1

>>> 3%%2
9

Ucnonb3oBanne ~ MOXKET IMOKA3aTbCsl CTPAHHDBIM; 9TO HE TaK BAXKHO /I MATEMATHIECKUX HCCJIEI0Ba-
HUM, TOTOMY KaK «HMCKJIFOUUTEIHFHO UJIN» UCIOJIB3YETCsS JTOBOJBHO penko. st ynobersa, Sage MCmoh-
3yer mpe-napcep [ IPOBEPKHU KOJa Mepel TeM, Kak o nepenaerca B Python, u cumson = (eciu on
HE HaXOJIUTCA B CTPOKE) 3aMEHSIET Ha, *%*:

sage: 278
256

sage: 372

9

sage: "372"
|3*2|

Henenne nenbix uuces: Boipaxkenne 2/3 B Python o3nagaer ne o, dero oxumgaer maremMaruk. B
Python 2, eciiu m u n - nesibie 9wcia, TO m/n TaKKE IEJI0€ YUCJO, C/Iu OBITH TOYHEE, TO IeJIasi YaCTh
ot nenenus m Ha n. Cienosarensno 2/3=0. B coobmiecrse Python obcy:xmaercs BapuaHT M3MEHEHUS
omepaTopa Tak, 9To0bl 2/3 BO3BPAIIAIO 9HCIO C ILaBaoIieil Toukoit 0.6666. .., a 2//3 Bo3BpaIaaio
0.

B unTepnperarope Sage Mbl mcmosib3yeM obo3nadvenue Integer( ) u JesieHne UCNOJIb3yeM Kak KOH-
CTPYKTOP JJIs PAlMOHAJBHBIX unces. Hampumep:

sage: 2/3

2/3

sage: (2/3).parent()
Rational Field

sage: 2//3

0

Bouasbime neasie gnciaa: Python nveer BCTPOEHHYIO TIOMIEPKKY MEIBIX YHUCET TPOU3BOJIBHON TOU-
moctu B gomosHenne K C-int’am. OHu HAMHOTO MeIeHHEee, YeM TO, 9T0 npenoctasiaser GMP, a takxke
UMEIOT CBOMCTBO: CUMBOJI L B KOHIIE, 4TO0OBI OTJINYATH UX OT [EPEMEHHBIX THIA int (1 3TO HEe U3MEHUTCs
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B Guzkaiimiem Oyuymem). Sage UCLOJb3Yer LeJible YUC/a IPOU3BOJIbHON TouHOCTH ¢ HoMoupio GMP
C-6mubamoTeKkn, 1 OHU BBIBOIAATCS Ha dKpaH 6e3 L.

Buecro usmenenus uarepnperaropa Python (kak mocrynujm HEKOTOPBIE JIIOAHU /1l BHY TPDEHHUX [TPOEKTOB),
MBI ucmoab3yem Python kak ecrsb, n npumensieMm npe-apcep st IPython Tak 4To0bI TOBEI€HNE KOMAHIHOM
crpoku [Python coorBercTBOBAIO OKUJAHUSAM MATEMATHKOB. DTO 03HAYALT, YTO JIFODOH CyIIECTBYIONHH KO/
na Python moxker 6brTh ucmosb3oBan B Sage. OmHAKO, HYXKHO MPUIEPKUBATHLCS cTanmapta Python mpm
HAMMCAHUU TTAKETOB, KOTOpPbIE OyIyT UMIIOPTHPOBAHBI B Sage.

(Yrobbl ycranosuth maker Python, KoTopblil, ckazkeMm, Bbl HAIILIA B MHTEPHETE, CJIeAyidTe WHCTPYKIIUU, HO
3amyckaiite sage -python Bmecto python. OdeHb 4acTo 3TO O3HAYAELT, YTO HYXKHO BBECTH sage -python
setup.py install.)

7.2 Kak npuHAaTb y4dacTue B pa3pabotke Sage?

Eciu BBl XOTHTE TIOMOYB B pa3paboTke Sage, 370 Oymer oreneHo 1o gocrouncTy! TloMomns MoXKeT BapbUupo-
BAThCHA OT BHECEHWsI M3MEHEHW B KOJ| /10 JIOMOJHEHUs CIIPABOYHON WHQOPMAIINYA U HAXOXKIeHUs OAroB.

Ioumure uudopmanuro st pa3pabOTINKOB HA ITIABHON CTPAHUIE Sage; KPOME BCErO IPOUEro, BbI MOXKeTe
HallTH CIHCOK IIPOEKTOB, CBA3AHHBIX C Sage, OTCOPTHPOBAHHBIX 110 LIPHOPUTETY U Kareropuu. Pykosoacrso
pas3poboTumKa Sage CONEP:KUT TOJIe3HYI0 WHMOPMAIINIO; BB TaK¥Ke MOXKeTe y3HaTh 6osbie B Google-rpyrmme
sage-devel.

7.3 Kak npaBunbHO ccbislaTbcs Ha Sage?

Eciu Bbl ucnionb3yere Sage /i Hamucanus paboOThl, MOKATYHCTA, YKAXKUTE, 9TO BBIYUCTCHUS ObLIA TPOU3-
BEJIEHBI € OMOINbIO Sage. Brurouure

[Sage]l SageMath, the Sage Mathematics Software System (Version 8.7),
The Sage Developers, 2019, https://www.sagemath.org.

B pazzen 6ubanorpaduu (3amenss 8.7 Bepcueit Sage, KOTOPYIO BBI UCmob3yere). Kpome Toro, noxasyiicra,
nocrapaiTech OTCJIEIUTD, KAKHe KOMIIOHEHTHI Sage ObLIN NCTOIB30BAHbI JJIs Bhraucyaenuii, nanpumep PARI?,
GAP?, Singular? Maxima?, ¥ yKayKuTe 3TU CUCTeMbl. KC/IM BbI COMHEBAETECH O TOM, KaKOe MPOrpaMMHOE
obecriedenre UCIoNMb3yeTcs s BbIaucaenuit, 3aaaiire sonpoc B Google-rpynie sage-devel. Cm. IToauromo.
00101 nepemerHoti A JajabHeinero o6cyKaeHus STOi TeMbI.

Ecsm BbI mpounTanmm 370 PyKOBOACTBO OT HA4Yasa J0 KOHIA, M y BAC €CTh COOOParKeHHsI 110 MOBOLY BPEMEHH,
3aTPAvYeHHOrO HA HEro, moxkasyicra, Bbickaxkure coe Mmuenue B Google-rpymie sage-devel.

Hacnaxpatitech Sage!

7.2. Kak npuHsatb y4actue B pa3pabortke Sage? 87
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HononHexne

8.1 lMpuopuTtetr buHapHbIXx apudMeTUHECKUX ONEepaTopoB

Yro rakoe 3°2%4 + 2%57 Buauenue (38) oupezesieHo 10 910i «rabiuue npuopurera oneparoposs. Tabiuua
HUXKEe OCHOBaHa Ha Tabnuie u3 § 5.14 kuuru Python Language Reference Manual, G. Rossum and F. Drake.
Oneparopbl PACIIOJIOKEHBI B TIOPSIKE BO3PACTAHUS CTAPIIHHCTBA.

Operators Description

or boolean or

and boolean and

not boolean not

in, not in membership

is, is not identity test

>, <=, >, >=, ==, |= | comparison

+, - addition, subtraction

* /1, % multiplication, division, remainder
*x oo exponentiation

CrenoBarenbHO, 9TO0BI IOCYUTATH 372%4 + 2,5, Sage paccrasiser ckoOku tak: ((372)*4) + (2%5). Cua-
Jajia CIuTaeTcsa 372, TO ecTh 9, 3areM cunTaorca (372)*4 u 2%5, ¥ HAKOHEI OHU CKJIAIbIBAIOTCS.
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Bubnunorpadus
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[PyB]
[PyDev]
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[PyT]
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[ThreeJS]

Wesley, 2004.
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Python Library Reference, https://docs.python.org/3/library /index.html
Pyrex, http://www.cosc.canterbury.ac.nz/~greg/python/Pyrex/

The Python Tutorial, https://docs.python.org/3/tutorial/
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G.-M. Greuel, G. Pfister, and H. Schénemann. Singular 3.0. A Computer Algebra System for
Polynomial Computations. Center for Computer Algebra, University of Kaiserslautern (2005).
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